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Abstract

In this paper we prove a basic convergent result related with the numerical solution of the
inverse problem in ODE dynamical models. First we recall the general approach to solve
it, proposed in a preceding paper, using Adams’ schemes with variable step size. Sufficient
conditions for the convergence of sequences of stationary solutions of the discrete problems
to a stationary solution of the continuous problem are established.

1 General Approach

1.1 The parameter estimation problem

In [18] we considered the following continuous optimization problem:

min J(u) = ;% [2i(T4), 2] ,

o(t) = f (z(t),u,t), t €[0,T],

xo = l(u),

z2(t) = g (z(t),u,t), t €[0,T],
0§7i<7—i+1 <T,i=1,...,s—1,

where: z € R, u € R™, 2z e RP, o, : RP xR - R, f: R* x ™ x [0,T] —
R, LR = R, g R x R™ x [0,T] - RP. This means that we are modelling
a dynamical process by a n—dimensional system of nonlinear ordinary differential
equations, which depends on an unknown m-—vector of parameters u. To this end,
a set of data (measurements) {Zj, Z», ..., Zs } of the observed p—vector variable z(.),
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at s different instants of time {71, 72,...,75}, is given and we should minimize .J, a
sum of functions depending on model and observed vectors (most frequently it is a
quadratic function of the residuals (z;(7;) — Z;))-

Parameter estimation problems for ODE systems (or ODE inverse problems)
is a classical matter and have been considered by many authors. Several methods
and points of view were proposed and special structures or statistical concepts were
exploited (see for example [1], [3], [13] [20]). New schemes of numerical integration
were also designed in order to deal with stiff ODE (see [6], [9] and [4]), appearing
frequently in chemical reaction models (see also [21], [22]) and other important fields
of applications.

This paper is the second part of [18] where we were mainly interested in the
numerical computation of the solution. It is clear that the problem (1) only can be
approximately solved since, most time, the exact solution of the nonlinear differential
equation can not be exactly calculated and the optimization algorithms are iterative
process in character. Therefore, we proposed not to try to solve the continuous
problem (1), but to transform it in such a way that we obtain a simpler problem
which gives us a satisfactory approximated solution.

1.2 Problem transformation

The general idea introduced in [18] is to use numerical integration schemes as
constraints, instead of the differential equation, transforming the continuous problem
into a discrete one, which can be solved in an easier way. This transformation
depends directly on the numerical scheme of integration that is used. As a general
example, in [18] we considered the following discrete problem in which the system
of ordinary differential equations is substituted by a multi-step scheme of variable
order (2; and variable step size h; :

k
min Jk(u) = Z ()bz [ZZ,Z] ,
=0
Tit1 = X; + h; F; (:L’i,l’ifl, ...,l‘i,QiJrl;’U,) ,1=0,1,2,..,k—1,
xo = l(u),
zi = g; (xi,u), i =0,1,2,... k. (2)

The partition of integration:

to = 0,t, =T
tivi = ti+h;, 1=0,1,..,k—1,
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contains the set of measurement times {71, 72, ..., 75} and hence, to each measurement
index j € {1,2,...,s} corresponds an integration index ¢ € {0,1,2,...,k}. We defined
the index correspondence:

. j if ¢ corresponds to j, .
1) = { f) otherwisep ’  1=0,1,k (3)

and denoted by M the set of integration indexes corresponding to measurements:
M = {i € {0,1,2,...k} | Z(i) # 0},
then, the functions @; in Ji(u) are defined by:
@Z[Z“ gl] = Y1) [Zl) 21] ]-M[Z])
Zi = Z3),

where 1,/ is the characteristic function of the set M and ¢, Zp can be given arbitrarily.

We also introduced J : {1,...,s} = {0, 1,...,k} as a left inverse of Z over {1, ..., s},
ie. J(j) is equal to the unique i € {0, ..., k} such that Z(i) = j. Then,

@j(j)[zj(j)azj] = (pj[Zj,Zj], ] =1,..,s.

The functions F; were defined by the Adams integration formulae, as a linear
predictor-corrector scheme:

Qi
Fi (i, @i 1,0 Ti g1, 1) = K& f in,utipn) 3 KPf (@, u,ti i),
i=1
(4)
Qi
Yir1r = i + hy ZHJQif (Ti—jt1, s tizjy1), 0 =0,1,..,k = 1. (5)
j=1

where H?, K]Qare the coefficients of the @Q—order Adams-Bashford and Adams-
Moulton schemes, respectively (see, for example, [23]). The order policy of the scheme
was taken as:

Qi =min{i +1,Qmax — 1}, i =0,1,..k — 1.

In addition, we considered a family of implicit multistep-multiderivative nonlinear
@ — order schemes with uniform steplength, proposed by Enright and Henrici in 1976,
with several theoretical and practical advantages [4]. They are specially adapted for
stiff problems and, for our purposes, we used the simpler and better known second
order formula to construct various schemes:

Q
Tt =z +h Y pIT f(@isjra,u) + hp T (@i, ) +
j=1

+h2p82+2sz (Tig1,u) . f (Tig1,u).

(6)
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In order to decrease the complexity of the calculation of the resulting nonlinear
equation and of the gradient computation, we used some explicit variants of such
scheme. The idea was to improve the corrector evaluation, using the Enright’s second
order formula as a recorrector. For some details of the variants, gradient formulas,
etc..., see [18].

The substitution we made is some kind of ”direct method” approach for the solu-
tion of the inverse problem. At the end, we have an approximated problem and, as a
consequence, we need some theoretical convergence theorem and we should solve this
approximated problem in the most exact possible way.

2 Theoretical results

2.1 Gradient formulae

In the first part [18], the following ”sensitivity form” of the continuous gradient was

proved:
s

VJ(a) = Z [D,®;(z(7:), @) M (7;) + Dy ®;(z(7s), )],
or =
VJ(G’) = Z Dz(pi[g(j(Ti)aavTi)azi] [gx(j(rl)aaaTz)M(Tz) + gu(‘f(Ti)aaari)] ’ (7)

9

where M (t) is the solution of the ”sensitivity ” matrix differential system:

W — £(@(0), 3,0M () + fu(#(0),5,1), ¢ € [0,T), ®)
M(0) = Dyl(a).

and
‘Pi(l‘,u) = (Pi[g(l’,u,’ri),fi], i = ]-7 ey S.

In addition, in [18] was also proved the ”sensitivity form” of the discrete gradient:

k
Vip(a) = ) [Dy®i(z;,a)M; + Dy®i(z:,3)], 9)
1=0

where {M;, i =0,1,...,k} is the solution of the discrete matrix system:

My = Dl(u),

Qi
Mi+1 =M; + h; Z Dzi,j+1Fi(ii;ﬂ)Mi7j+l + DuFZ()_(“’L_L) , 1 =0, k — 1, (10)

Jj=1
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We shall use these results in the next section.

2.2 Convergence of discrete solutions sequences

The following theorem shows a limit relation between the discrete and continuous
solutions, when we use the linear predictor-corrector scheme:

Theorem 1: Let be the continuous problem (1) and their associated discrete problems
(2), using predictor-corrector scheme (5)-(4), and decreasing uniform step lengths
h, = %, k = 1,2,.... Assume that ¢, f,l,g are continuous and continuously
differentiable functions with respect to (z,u), such that f,, f,, are bounded functions
on (x,u,t)—bounded sets.

Let {ur} be any sequence of stationary points of the discrete problems, corre-
sponding to the steps {ht}, and orders Q¥ = min {i + 1, Quax — 1}, i = 0,1, ..., k,
k = 1,2,.... Then, every accumulation point of the sequence {uj} is a stationary
point of the continuous problem.

Proof. It is sufficient to show that if {u} is a sequence convergent to u, then the
sequence of discrete gradients {V.Jy (ur)} converges to the continuous gradient V.J (u).
In that case, if {uy} is any sequence of stationary points of (2), we have V.Ji(uy) =0
for all k. Then, at a limit point u of any convergent subsequence of {uj}, we must
have V.J(u) = 0. The proof of this property shall be done in several steps.

2.2.1 Some properties of predictor-corrector schemes

Let u be an arbitrary vector in R™. We denote by z%¥ = {mf, 1=0,1, ,k:} and
gt = {yf, 1=0,1,.., k} , the two vector sequence solutions of the difference system
(4)-(5), corresponding to step hy and vector u. Then, we have:

b = b+ Cixbyk ), =01,k -1,
ay = l(u),
yfﬂ = xf+hkPi(xf,u),i:O,l,...,k—l,
v = Iu),

— (ph ok k
where xi = (z7,7;_;, ...z} o,) and

i—Q;

Qi
3 4 i 3 3 it+1 3 3
Ci(xi’vyfﬂ,“k) = K[? i (yzl”+1a“,Tf+1) +ZKJQ T (wi’_j+1,u,Ti’_j+1),
j=1
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}: Qz k
H Ti_ J+17U>Tz J+1)

Observe that, for all i and &:

Fi(xf,u) = Ci(xf,yllﬂrl,u).

For the Adams’ linear predictor-corrector schemes it is well known (see [23]) that
piecewise polynomial approximations can be associated with Z¥ and gj,. For example,
to them correspond, respectively, the continuous functions z*[¢], 7*[t] defined, at inter-
val [t#, 7% ], as the Q;+ 1—degree interpolating polynomial (with vector coefficients),
satisfying:

4 gk [rh] _f(xf,u,rf) j=ii—1,..,0—Q;+1, (11)
dtfk[TiH] - f(yz+1aua7'l+1):

%gk[Tl? f(m‘/;’u,r‘/;) .]:7/77/_1771_@1-{_17

fori =0,1,....k —1and k = 1,2, ...,where:
T . .
sz%:]hka ]:0,...,k,

are the points of [0,T] defining the partition of integration.

If we denote by z(t) the unique continuously differentiable solution of the Cauchy
initial problem:

e(t) = flz(®),ut), t €[0,T],

z(0) = =,

corresponding to the vector u, and if (4)-(5) defines a p—order scheme (i.e. Qmax = D)
then, it is also known that the global errors tend to zero:

e%(t): z(t) — 7 t]H
ek () = ||=(t) - g*[¢]

uniformly with respect to ¢t € [0,T], if K — +o00. Furthermore, this limit is uniformly
with respect to u in any bounded set of ™ in the case that f, and f, are bounded,
as we assumed here.
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In particular, this property and the continuity of z(¢) show that the sequences
{Hmf”}lzo . and {”yzk”}i:o . are uniformly bounded for all k = 0,1,... and all u in
any bounded set of £™. We even have the estimations (see [23]):

ek (t) < constant x hPT!
ek(t) < constant x h?,

for t € [th_,, T).

pla

In addition, consider the following obvious inequality for ¢ € [7%, 7% + hy]:

o410 - 0] < a1 —otehy + | |40

since f is Lipschitz continuous with respect to x (f, is bounded), there exists a
constant L,, the same for all v in any bounded set, such that the following estimation
hold:

dz* dz"[7]

e — f(z(7),u,7)| dT, (13)

‘— flz(r),u, 7 HS f@kr),u, ) — f(x(7), u7'||+
+ | £ @ [rH,u f)—f(az[]UT)|+ol(|T_Tk|

< L ||#¢r] - 2()|| + L [[# (4] - 2[4 + Oa(]t = ¥])
< Lo ||#*[r] = 2() || + Os([t — 7F)),

where
O,(h) = 0,if h—0,r=1,2,3,

and for all 4 in any bounded set of R™.

Hence, substituting in (13) and applying Gronwall’s inequality we obtain the es-
timation:

|2 [t] = z(@®)[| < ([|Z*[rF] — 2(7§) || + heOs(hw)) exp(Laha),
for all ¢t € [7% 7% 4 ht]. The same inequality holds for §*[t] :
[7°1t] = = @] < (|7"[7F] = 2(7D)]| + hi O3 (b)) exp(Lahi).

and this shows that the convergence at any point ¢ depends on the convergence at
the node points 7¥.

2.2.2 Applications to the sensitivity matrix cases

Analogous results can be obtained if we apply the linear predictor-corrector scheme
to the matrix ODE system (8). Introducing the notations:

x()f = (f(Tf),ﬂf(Tf_l),---,ﬂf(Tf_Qi)), (14)

(Mf)Ml 1o )Mi’c—Qi) ) (15)
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D.C; ( () ka N+1, ) = KQ +1far( (T z+1) uvT§+1)/\/;lc+1+
+ZKQ +1f$( ( Ti— j—‘rl) ’ f—j-}—l) Mf—j+1(716)
j=1
DxPz (X()famfvu) - ZHQlfx Ti J+1) ) ?fjJrl) Mi—j-i—la (17)

and the corresponding meaning for D, C;(x; ,ylH,/\ﬁkﬂ,u) and D, Pi(x¥, Mk u), it

K3
is easy to see that we have the following equations:

ME = D,l(u),
MlJrl Mf-l-hk [DICZ( () mk ./\[Jrl, )+DUC,( () f)nk N+1, )],iZO k-1,

N = MY+ i [DaPi (x0F, 0% u) + Do Pi (x(F, 0, u)], i =0,k =1,
for the scheme (4)-(5) in the case when it is applied to (8).

To the solution sequence m" {/\/ll, i=0, 1,...,k} of (18)-(19) corresponds

the piecewise polynomial approximation M0 [t], defined at interval [7h, 7%, ,] as the
Q; + 1—degree interpolating polynomial (with matrix coefficients), satisfying:

T [rk] = Mb,
_’“[ = fo(@(rh),u, 7 ME 4 fu@(rh),u,78), j=i,ni—Qi+1,  (20)
dfm [T zﬂ—l—l] fe(z(T ]+1) U,T]+1)/\[g+1 +fu( (T §+1)7U,7’]+1)

fori =0,1,....,k—1; Kk =1,2,..., and the error convergence to zero:
ek (1) = Hﬁ’“[t] - M(t)H 0, for hy, — 0,

uniformly with respect to v in any bounded set. Here M (t) denotes the unique matrix
solution of the sensitivity ODE system (8). We have similar results for the solution

—k . . . .
sequence N = {N}, i =0,1,...,k} and, in addition, the estimates:

(Hﬁk[Tf] — M(r*
[®u-mw| < (|Fra-meh

v

IN

(hk)) eXP(Lzhk);

| + hkO(hk)) exp(Lzhy),

AN

forallt € [t¥, 7% + hi], i = 0,1, ...,k, k € X and the uniform boundedness properties:

IVF[ < s IME]| < Ko,
fori = 0,1,...,k, k € X, u bounded.
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On the other hand, using definitions in (4)-(5), it is not difficult to see that:

: - 0Yit1 . .
D%Fi(x;‘,u) :K(?’Hfm(yf_i_l,u,Tfﬂ) g;_ +KQ s+1fm(a: u 7"”), §$=14,.,1—Q;+1,

Qi
DyFy(x¥,u) = K& fu (yiga, ustin) + ZK]Qinu (Timjt1, U, timjtn)

j=1

Wick 1y 1% f, (b, u, ),

Bmi

Ayi . .

g;l = thZQstw(m u, ™), s=i—1,..,i—Q;+ 1.

Hence, if we denote by M* = {M’” 1=0,1,. k:} the matrix sequence, solution

7
of the ”sensitivity” discrete system (10) correspondlng to step hy, then:

Qi
> Dwi—j+1Fi(X§:U)Mzkfj+1 =

j=1

Qi
— Qi+1 k k Oyi Qi+1 k k —
= 3 (KPR w ) g + KT et )] ME S =
]:

Qi
i+l i o
= K(? fz(yz"cﬂ’“ﬁ?ﬂ) M} + hy E H? fw(l”i’—jﬂ>“:T§fj+1)Mik—j+1 +

it+1
+ ElKQ fx( z J+17U’ Tz ]+1)Mikfj+l'
J

Defining the matrix sequence {Nik, i=1,..., k} as:

Qi
Nfyy = MF+hy, ZHJQI I:fm(xi'c—j+lyua Ti'c—j+l)Mik—j+l + fu(xi'c—j+lyu7 Tf—j+1)} ,1=0,k—1,

j=1

we obtained that the ”sensitivity” system (10) can also be written in the following
form:

ME = D,l(u),
M+1 = Mk + hi KQIH [fz(yz+1v“ Terl)Nerl + fU(yf+1,“:T§+1)] +

it+1 3 3 .
+hy EIKQ [fz( Lijt1, W Tz J+1)Mz']1j+1 +fu(méfj+lvu77-iyfj+l)] )
J

or equivalently:
M}t = D,l(u),

ME | = Mf + hy [DoCs (xF,MF,NF |, u) + D.C; (xF, M}, N}, ,u)],i=0,k—1,
(21)
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N = M} + by, [D.P; (xF,ME,u) + D,P; (xF,MF,u)],i=0,k—1, (22

with the same meanings as in (14)-(17) for the notation x¥, M¥ D.C;, D,P; and
D.Ci, D,/P;, changing z(7%), M¥ and NF by z¥, M} and N} respectlvely

Now it is clear that the only difference between the matrix schemes (18)-(19) and
(21)-(22) is the evaluation of the matrix coefficients at x(7¥) instead of z¥. There-
fore, if M*[t] denotes the piecewise polynomial approximation, analogous to (20) and
corresponding to MP*, it satisfies the equalities:

NIt [r] = M,
%1\_/1’@[ HE fx(a: u, TYME + fu(ah u, 7)), j=ii—1,.,i-Qi+1, (23)
%Mk[ z+1] ( ]+1:U77§+1)NJ+1+fu( ]+1aua7'§+1):

foralli =0,1,...,k and k € N,

2.2.3 Two essential estimations

Moreover, we have the estimations:

oF (1 + heVi)@¥ + hy Vs, (24)

<
< (1 + b W)@k + by W, (25)

wf+1
fori=0,1,....,k and k € X, and all u in any bounded set, where:
N R LY
’Dz]'c = max{vf,z—Ql+1§]§z},
f = max{wf)Z_Qz+]-S]SZ})

and V;, Wi, V5, W, are constants, independent on ¢ and k.
In fact, for any k£ and reasoning by induction, for i = 0 we can write:

| = NE[| < B |[ D2 (o, M, w) = DoPo (x0F, M, u) | +
+hk‘D Po (xk, Mk, u) — D 790( x(F, ME v )‘g

< || - Mk||+hk £ (26,0, 76) = fo(@ (), u, 76) | ||Mo I+
b, 105 = ME + gl ,78) = Fulalrb) o rb)]

and by the continuity of 2(t), f., fu, the uniform convergence of z*[r] to () and the
uniform boundedness of the sequences {zk}, {7k}, {HM(’)””} and of the function f,,
we have:

INF =N < L+ h V) || ME = ME| + o(hi) Ve, (26)

O(hk)
h,

— 0, k= 400,
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for some constants V7, V5, independent on u and k. In addition,
[MF = Mi| < || Mg —M’“||+
i [ DaCi (MY, NE ) = Doy (x0F, 9, V) | +
+hk D C( k Mk Nzlii-lv ) D C (X() mk N+1, ) S

— ME|| + b K& || ok w78 — fula(rh),u, )| || NE]| +
+h KQ0+1 ||fz T S U 7'1 || ||N1 ./\[1]””

+hKQD+ | fu Wt uy 78) = fula(rh),u, 78) | +
T> Fo(a(r§),u, 6) || || M5

( IE 1

(Y7, u,
+hy, Kgoi || fo(zk u, 7k
HhyEEH | £ (@(rh),u, 78)| ||M0 M’“H
+th 0 ||fu(m10€7’u,7-(1;) fu( (TO) u TO ||

Once more, continuity of x(t), f, fu, uniform convergence of x*[t] to z(t) and
boundedness of sequences and functions involved, jointly with (26), give the inequal-
ity:

| Mf = ME|| < (1+ hWh) || ME — ME|| + o(hi) Wa,

for some constants Wy, W5 independent on k and u.

Suppose (24)-(25) are true for all j < 7, from (18)-(19) and (21)-(22), we can write
the inequalities:

INFey = N || < [[1F ~ M’°||+
h | D Py (b, ME,w) = D2 (xOF, M, u) ||+
hy | Dy (xE, M, u) = DP; (x0F, M) |

ks — Mi | < [[agf - ME] +
i |[DaCi (3, ME, NE ) = DoCy (x0F, 90, N ) | +
+hi |[DuC; (x5, ME,NE u) — D,C; (x() ok Nk )

Then, using again the continuity of x(t), f,, fu, the uniform convergence of z*[t]
to x(t), the uniform boundedness of the sequences {z¥}, {y*}, {7%}, {MF}, {NF} and
of the function f,, and induction, we obtain the estimations:

Y Jrl||< 1+th1)’LU +O(hk)V2,

‘M{il MEL| < (1 + hWa)wF + o(hy)Ws.

From induction hypothesis, we also have for all j <i—1:

]+1 NEL| < 0+ W )wh +o(hk)v2_(1+hkvl)uv§+o(hk)v2,
M, - ME ] < 1+th1)w + o(h)Wa < (1 + hpW1)wF + o(hy) W,
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and then:

./\f’”” =of | < (1+ hpVi)wk + o(hy)Va,
MgfwMHm_wHL_a+mwqumm0W

max ;—Q;+2<j<i+1
max ;—Q;+2<j<i+1

2.2.4 Convergence of sensitivity matrices

Now we can apply the following well known Lemma (for a proof see [24]):

Lemma 2: Suppose the real numbers {¢;},_,, _satisfy a recurrence estimate of the
form:

for some fixed 6 > 0 and B > 0. Then, we have the global estimate:

i0

-1
B, n=1,2,..

. e
€ < e 6ol +

Applying Lemma 2 to the sequences 51 = w¥, and recalling that wf = 0, we have
the global estimate:

& eithQ _ 1 h
0 < ———— W.
wl — thl 0( k) 2,
forall i =0,1,...,k, and all k¥ € N, and this implies:
W 1) W
| M — M5 < G JWe ) o) 551, oo, (27)
W1 hk

From this last estimation we obtain:
Hl\_/lk[t] - ﬁ’“[t]“ 0, if k — oo,

since from (20), (23) and (27) the values of the interpolating polynomials converge
uniformly to zero:

| ¥tk (et - 1
2z

43" k]H—>o =i Qi 1, it ],

—>0

4M
dt J

and the finite and fixed number of coefficients of those interpolating polynomials
depend continuosly on this values.
Then, we have the convergence of the sequence M*[t] to M(t) for each ¢ € [0,T],

because:

[MEE ] — M ()| < HMk[t] - ﬁ’“[t]H + Hﬁ’“[t} - M(t)H >0,
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2.2.5 Convergence of gradients

Now we are ready to prove the convergence of the sequence of discrete gradients
{VJi(u)}jen to the continuous gradient V.J(u). We recall the expressions of the
continuous and discrete gradient for this case:

V() = 3 [Ded(a(r)),w)M(r;) + Dudj(a(r),w)] (28)

j=1

k
Vii(u) =Y [Dp®i(ah, u)MF + Dy ®;(af,u)],
=0

where:

(I)](.’L'(T]),’U,) = QOj[g(.’L'(T]) u T]) Zj] .] - 1727'“7 S,
®;(zF,u) = p,[g(x¥,u, %), Zrl, 1=0,1,..,k,
@i[ziv gl] = P1(i) [Zi,zl'(i)] ]-M[Z]) 1=0,1,...,k,

M ={ie{0,1,2,....k} | Z(i) # 0},
and the numbers {r;, j =1,2,..., s} are the measure points in [0,T].

For the index function J we have:

7—?7(]) =Tj, ] = 1,...,3,

since J(j) is precisely the index ¢, corresponding to the j—th measure, in the
partition of integration {Tf, 1=0,1,..., k:} Then, we can write:

VJL() E [D‘P( , )M’”—l—D(I)(;L‘ 'u,)]:

= Z, o 1arli] [Dz<PI [9(xf,u,TF), ZI(z)]M +Du<PI(z)[ (¥, u, 1), 51(1')]] =
= Zj 1 [Dz% U 7'](1)) z|M ](i) + Dupsly (m](i)7u Tj(’ ) 51’]] =
=30, [Dz% (x* m],u,w 2V ]+ D[R 1w, ), 2] =
= Zj 1 [Dx‘P] U7T])’ZJ]M [T]] +Du<Pg[ (x [T]]7u77—1)72]]]7
and ,
V() =Y [ i1, u)M*[r;] + Dud; (x5, u)] . (29)
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Comparing (28) with (29), it is clear that the convergence of V.Ji(u) to V.J(u), if
k — +0o0, is a consequence of the uniform convergence of x*[;] to z(7;) and M*[r}]
to M(r;) for all j =1,2,...,s, and all u in any bounded set, and using the continuity
of ¢ and g¢.

Finally, from the continuity of V.J at u, for every £ > 0 there exists r > 0 such
that if v belongs to the closed ball B,., with center at « and radius r, then

IVJ(v) = VJ(u)|| <e.

If {ut} is any sequence of vectors in R™ converging to u, for k big enough (>
Ny), the sequence {uj} belongs to the compact neighborhood B, of u. Since the
convergence of x¥[7;] to z(r;) and MF[r;] to M(r;) is also uniform for u in B,., we
have for any ¢ > 0, the existence of No = N»(¢), such that:

IVJe(v) = VJ(v)|| < e, if k> Ny and for any v € B,.

Then,

IV Tk (ur) = VI ()| <[V Ik (ur) = VI (ur)]| + IV (ur) = VI (u)]
IV (ug) — VJ(u)]] < 2¢, for k > N = max(Ny, N>). B

3 Conclusions

In the present paper we stated and proved fundamental results related with inverse
problems in ODE modelling which we resume as follows:

1) We proposed some kind of ”direct approach ” for the solution of the inverse
problem, substituting the ordinary differential equation by a difference scheme. This
is a general approach and can be used also for other dynamical model (as PDE),

2) We strongly recommend to use the exact formulas for the gradients of the
discrete approximation schemes instead of using a finite difference approach. In [18]
we give a general algorithm to their calculation.

3) We proved the convergence of sequences of discrete gradients to the continuous

gradient. This implies that limit points of sequences of stationary points for the
discrete problems are stationary points of the continuos problem.
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