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Abstract

The notion of relative importance of criteria is central in multicriteria decision aid. In this

work we de�ne the concept of comparative coalition structure, as an approach for formally

discussing the notion of relative importance of criteria. We also present a multicriteria

decision aid method that does not require the assignment of weights to the criteria.

1 Introduction

In a multicriteria decision problem, the criteria considered are generally in conict and

have di�erent importances for the decision maker. Multicriteria decision aid consists

in providing a recommendation to the decision maker related to the decision being

taken, using for that a clearly speci�ed mathematical model.

The notion of relative importance is central in multicriteria decision aid (see for

example [4] and [7]). In most methods this relative importance is represented by

numbers, commonly called weights. The interpretation of the weights depends funda-

mentally on the decision model. In a multicriteria linear value model, the weights can

be interpreted as constant relative trade-o�s [3]. In the ELECTRE methods [6] and in

the Prom�eth�ee methods [2], the weights can be interpreted as importance coe�cients.

In this work we present a multicriteria decision aid method that does not require

the assignment of weights to the criteria. The paper is organized as follows. In section

2 we de�ne the notions of partial preference structure and multicriteria preference

structure. In section 3 we de�ne the concept of comparative coalition structure as

an approach for formally discussing the notion of relative importance of criteria. In

section 4 we describe the qualitative method proposed.
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2 Preferences Structures

Let A a �nite set of two or more potential actions (or alternatives). Let C =

f1; 2; :::; ng (n � 2) be the set of criteria considered. A partial preference struc-

ture Ej corresponding to the criterion j is an ordered pair Ej = (Xj ;�j), where Xj

is a set of impact levels which serve to describe plausible impacts of potential actions

with respect to criterion j, and �j is an asymmetric binary relation modeling the

partial preferences of the decision maker with respect to criterion j.

A partial preference structure Ej = (Xj ;�j) is essential if there exist xj , yj 2 Xj

such that xj �j yj . Since nonessential criteria contribute nothing to the analysis of

a decision problem, we will assume henceforth that every Ej is essential.

Let Ej = (Xj ;�j) be a partial preference structure and let sjbe the binary

relation de�ned in Xj as

xj sj yj , :(xj �j yj) and :(yj �j xj)

(the symbol : represents the logical negation). It is easy to see that sj is reexive

and symmetric. The relation sj is called the relation of partial indi�erence corre-

sponding to criterion j.

An evaluator gj corresponding to criterion j is a function gj : A ! Xj , where

gj(a) represents the impact of alternative a with respect to criterion j. The function

gj induces a partial preference relation Pj and a partial indi�erence relation Ij on A

as follows:

aPjb() gj(a) �j gj(b),

aIjb() gj(a) sj gj(b).

Suppose that for every j 2 C, a partial preference structure Ej is de�ned. Let

X = X1 � X2 � ::: � Xn; the set X is called the consequence space. Let U be a

proper subset of C = f1; 2; :::; ng. For notational convenience we will write x 2 X as

x = ((xj)j2U ; (xj)j =2U ).

Let � be a binary relation modeling the global preference in X . We will say that

(X; �; E1; :::; En) is a multicriteria preference structure i� it satis�es the following

axioms:

M1) � is asymmetric.

M2) xj �j yj () (xj ; (ai)i6=j) � (yj ; (ai)i6=j) for every (ai)i6=j 2
Q
i6=j

Xj .
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M3) For every x;y 2 X , such that x � y, and for every k 2 C:

M3.1) if zk �k xk then (zk; (xj)j 6=k) � y;

M3.2) if yk �k zk then x � (zk; (yj)j 6=k).

Proposition 1: Let (X; �; E1; :::; En) be a multicriteria preference structure, and let

W be a nonempty subset of C. If x;y 2 X are such that xj �j yj for every j 2 W

and xj = yj for every j 2 CnW , then x � y.

Proof. The proof will be by induction on m = jW j : If m = 1, that is, if

W = fkg, then xk �k yk and xj = yj for all j 6= k. Hence

x = (xk ; (xj)j 6=k) = (xk ; (yj)j 6=k) � (yk; (yj)j 6=k) = y:

Now, assume that the result holds for every subset of criteria with m elements.

Let W � C such that jW j = m+ 1 and let x;y 2 X such that

xj �j yj for every j 2 W and xj = yj for every j 2 CnW:

Let k 2 W and put W 0 =Wnfkg. Hence jW 0j = m. Let x0 2 X be de�ned as

x

0
j = xj for j 6= k and x

0
k = yk:

It follows that x0j �j yj for every j 2 W
0 and x

0
j = yj for every j 2 CnW 0. By our

assumption, x0 � y. Since xk �k yk = x
0
k , we have by axiom M3 that (xk; (x

0
j)j 6=k) �

y. Since x0j = xj for every j 6= k, we see that x � y.

3 Comparative Coalition Structure

Let (X; �; E1; :::; En) be a multicriteria preference structure. For every j 2 C let

x

+

j 2 Xj be a good level of impact; that is, an impact level considered attractive for

the decision maker, and x
0
j 2 Xj a neutral level of impact, that is, an impact level

considered neither attractive nor unattractive for the decision maker.

Let }(C) be the set of all the subsets of criteria. The elements of }(C) will be

called coalitions. We will say that \the coalition U is more important than coalition

V " (notation: U B V ) if it satis�es the following condition:

((x+j )j2U ; (x
0
j )j =2U ) � ((x+j )j2V ; (x

0
j )j =2V ):

The ordered pair (}(C);B) will be called the comparative coalition structure de-

termined by (X; �; E1; :::; En).
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Proposition 2: Let (}(C);B) be the comparative coalition structure determined by (X;

�; E1; :::; En). Then for every U; V 2 }(C) such that V � U , we have U B V .

Proof. Let U; V 2 }(C) such that V � U and put W = UnV . Then W is

nonempty. Since

((x+j )j2U ; (x
0
j )j =2U ) = ((x+j )j2W ; (a)j =2W )

and

((x+j )j2V ; (x
0
j )j =2V ) � ((x0j )j2W ; (aj)j =2W );

where aj = x

+

j for every j 2 V and aj = x
0
j for every j 2 CnU , we have by proposition

1 that

((x+j )j2U ; (x
0
j )j =2U ) � ((x+j )j2V ; (x

0
j )j =2V );

so that U B V .

Corollary 3: Let (}(C);B) be the comparative coalition structure determined by (X;

�; E1; :::; En), then C B V B ? for every U 2 }(C);? 6= U 6= C.

A multicriteria preference structure is independent, i� for every U � C if

((xj)j2U ; (aj)j =2U ) � ((yj)j2U ; (aj)j =2U ) for some (aj)j =2U 2
Y

j =2U

Xj

then

((xj)j2U ; (bj)j =2U ) � ((yj)j2U ; (bj)j =2U ) for some (bj)j =2U 2
Y

j =2U

Xj :

Proposition 4: Let (X; �; E1; :::; En) be an independent multicriteria preference struc-

ture, and let (}(C);B) be the corresponding comparative coalition structure. If U and

V are two coalitions, such that, U B V , then (U [Z) B (V [ Z) for every Z 2 }(C),

such that Z \ U = ? = Z \ V .

Proof. Let U; V 2 }(C). Since the multicriteria preference structure is indepen-

dent, we can suppose, without loss of generality, that U and V are disjoint.

Assume that U B V . Hence

((x+j )j2U ; (x
0
j )j2V ; (aj)j =2U[V ) � ((x0j )j2U ; (x

+

j )j2V ; (aj)j =2U[V )

where bj = x

+

j for every j 2 Z and bj = x
0
j for every j 2 [Cn(U [ V )]nZ. Hence

((x+j )j2U[Z ; (x
0
j )j =2U[Z) � ((x+j )j2V [Z ; (x

0
j )j =2V [Z):

Thus (U [ Z) B (V [ Z):
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Proposition 5: Let (X; �; E1; :::; En) be a transitive multicriteria preference structure,

then (}(C);B) is transitive.

Proof. Let U; V;W be three coalitions such that, U B V and V BW . That is,

((x+j )j2U ; (x
0
j )j =2U ) � ((x+j )j2V ; (x

0
j )j =2V )

and

((x+j )j2V ; (x
0
j )j =2V ) � ((x+j )j2W ; (x0j )j =2W ):

It follows, from the transitivity of �, that

((x+j )j2U ; (x
0
j )j =2U ) � ((x+j )j2W ; (x0j )j =2W ):

4 Description of the Method

In this section we present a method for multicriteria decision aid that does not require

the assignment of weights to the criteria. We will suppose that the partial preferences

of the decision maker satisfy the following model:

aPjb() gj(a) > gj(b) and aIjb() gj(a) = gj(b)

where gj(a) 2 < represents the impact of alternative a with respect to criterion j.

We will also assume that for every criterion j there are six preference thresholds:

0 = u

0
j < u

1
j < u

2
j < u

3
j < u

4
j < u

5
j

such that

1) if gj(b) + u
0
j < gj(a) � gj(b) + u

1
j the preference aPb is negligible:

2) if gj(b) + u
1
j < gj(a) � gj(b) + u

2
j the preference aPb is weak.

3) if gj(b) + u
2
j < gj(a) � gj(b) + u

3
j the preference aPb is moderate:

4) if gj(b) + u
3
j < gj(a) � gj(b) + u

4
j the preference aPb is strong.

5) if gj(b) + u
4
j < gj(a) � gj(b) + u

5
j the preference aPb is very strong.
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6) if gj(b) + u
5
j < gj(a) the preference aPb is extreme.

The functions gj and the thresholds ukj can be built with the MACBETH method

[1]. We de�ne

Ck(a; b) = fj 2 C : gj(b) + u

k�1
j < gj(a) � gj(b) + u

k
j g for k = 1; 2; :::; 5,

and

C6(a; b) = fj 2 C : gj(b) + u
5
j < gj(a)g:

Let Sk be the binary relation de�ned in A as aSkb i� the following conditions hold:

(C1) Cr(b; a) = ? for every r � k.

(C2) If
k�1S
j=1

Cj(b; a) 6= ?, then
6S

j=1

Cj(a; b) B
k�1S
j=1

Cj(b; a).

The next result shows that the relations Sk are a nested sequence.

Theorem 6: Sk � Sk+1 for every k = 1; :::; 5.

Proof. If aSkb then Cr(b; a) = ? for every r � k. Hence Cr(b; a) = ? for every

r � k + 1, and the condition (C1) is satis�ed. Furthermore,

6[

j=1

Cj(a; b) B

k�1[

j=1

Cj(b; a) =

k[

j=1

Cj(b; a)

(because Ck(b; a) = ?). Thus the condition (C2) is satis�ed, and it follows that

aSk+1b.

Let D be the binary relation de�ned in A as:

aDb() gj(a) � gj(b)

for every j 2 C. The relation D is called dominance relation.

A binary relation S in A is called an outranking relation [5] if it satis�es the fol-

lowing conditions:

(O1) If aDb then aSb.

(O2) If aSband bDc then aSc.

(O3) If aDb and aSb then aSc.
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Intuitively, aSb (a outranks b) if we have good reasons to admit the hypothesis

that action a is at least as good as action b, and there are no good reasons to refuse it.

Theorem 7: Every Sk is an outranking relation.

Proof. (O1) If aDb, then gj(a) � gj(b) for every j 2 C, hence Cr(b; a) = ? for

every r = 1; 2; :::; 6. Thus conditions (C1) and (C2) are clearly satis�ed, so that aSkb.

(O2) Suppose aSkb and bDc. We will prove that aSkc. Let r � k. By hypothesis,

Cr(b; a) = ?; that is, gj(b) � gj(a) + u

r�1
j : Since bDc, we have gj(c) � gj(a) + u

r�1
j ,

hence Cr(c; a) = ?. Thus condition (C1) is satis�ed. To prove condition (C2) we

note that if j 2
k�1S
j=1

Cj(c; a) then

gj(a) + u

r�1
j < gj(c) � gj(a) + u

r
j

for some r � k � 1. Since bDc, we have gj(a) + u

r�1
j < gj(b). Furthermore it cannot

be that gj(b) > gj(a) + u

k�1
j , because Cr(b; a) = ? for every r � k. Hence,

gj(a) + u

r�1
j < gj(c) � gj(a) + u

k�1
j

that is, j 2
k�1S
j=1

Cj(b; a). Thus
k�1S
j=1

Cj(c; a) �
k�1S
j=1

Cj(b; a). It follows that either

k�1[

j=1

Cj(b; a) B

k�1[

j=1

Cj(c; a) or

k�1[

j=1

Cj(b; a) =

k�1[

j=1

Cj(c; a):

Next, if j 2
6S

j=1

Cj(a; b), then gj(b) + u
r
j < gj(a) for some r. Since bDc, we also

have gj(c) + u
r
j < gj(a). hence j 2

6S
j=1

Cj(a; c); that is,

6[

j=1

Cj(a; b) �

6[

j=1

Cj(a; c):

Thus
6S

j=1

Cj(a; c) B
6S

j=1

Cj(a; b). Since aSkb, we have

6[

j=1

Cj(a; b) B

k�1[

j=1

Cj(b; a):
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Finally, since either
k�1S
j=1

Cj(b; a) B
k�1S
j=1

Cj(c; a) or
k�1S
j=1

Cj(b; a) =
k�1S
j=1

Cj(c; a) it

follows from the transitivity of B that

6[

j=1

Cj(a; c) B

k�1[

j=1

Cj(c; a):

Thus the condition (C2) is satis�ed and we conclude that aSkc. Thus (O2) is true.

The proof that Sk satis�es condition (O3) is analogous.

Let S1; :::; S6 the outranking relations de�ned above. For every a 2 A and for

every k = 1; 2; :::; 6 put

d

+

k (a) = jfb 2 A : b 6= a and aSkbgj

and

d

�

k (a) = jfb 2 A : b 6= a and bSkagj :

Let f : A! < be the function de�ned as:

f(a) =

6X

k=1

d

+

k (a)�

6X

k=1

d

�

k (a):

We will say that action a is better than b i� f(a) > f(b). The function f de�nes

a weak order on A.

5 Summary and Conclusions

In this work we presented the notion of comparative coalition structure as an ap-

proach for formally discussing the notion of relative importance of criteria. We also

have presented an outranking method for multicriteria decision aid. Our method dif-

fers from the ELECTRE methods in the following:

(i) In ELECTRE I, II and III the importance of criterion j is represented by

means of a weight kj > 0, which can be regarded as an importance coe�cient. our

method does not require the assignment of weights to the criteria, instead a relation

of importance between criteria is considered.

(ii) In ELECTRE methods the partial preferences are modeling using an indif-

ference threshold and a weak preference threshold. We use �ve preference thresholds
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with the purpose of modeling strength of preference.

(iii) In ELECTRE methods the outranking relations are built by relaxing a

concordance condition, while in our method the outranking relations are obtained by

relaxing a discordance condition.

(iv) The ELECTRE IV method supposes, implicitly, that a coalition of crite-

ria is more important than another if and only if its cardinality is greater or equal,

while in our method this is not necessarily true.

An advantage of the method proposed is that the calculations involved are few an

easy, moreover it is possible to built each outranking relation independently of the

others.

A disadvantage of the method is that, in order to �nding the comparative coali-

tion structure it is necessary that the decision maker expresses her or his preferences

between every pair of coalitions of criteria. However, if we assume that the multicri-

teria preference structure is independent and transitive, we can built the comparative

coalition structure with a relative small number of comparisons.
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