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Introduction

@ SOFRONIE-STOKKERMANS, V. Duality and canonical extensions of
bounded distributive lattices with operators, and applications to the
semantics of non-classical logics I. Studia Logica 64 (2000), 93-132.

@ SOFRONIE-STOKKERMANS, V. Duality and canonical extensions of
bounded distributive lattices with operators, and applications to the
semantics of non-classical logics 1l. Studia Logica 64 (2000), 151-192.
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Given Ly,...,L,, L bounded lattices, a join hemimorphism is a function
f:Llyx...xL,— L such that:
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Given Ly,...,L,, L bounded lattices, a join hemimorphism is a function
f:Llyx...xL,— L such that:

o f(al,...,a;_l,O,a;H,...,an) =0.
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Given Ly,...,L,, L bounded lattices, a join hemimorphism is a function
f:Llyx...xL,— L such that:

o f(al,...,a;_l,O,a;H,...,an):0.
Q f(al,...,a;_l,bl\/bg,a;+1,...,a,,):
f(ai,...,aj-1,b1,8i41,-.-,an) VFf(ar,...,ai-1,b2,3i41,-..,an).

Leonardo M. Cabrer and Marta Sagastume () Compatible Funtions by Priestley Duality 3/17



Introduction

Given Ly,...,L,, L bounded lattices, a join hemimorphism is a function
f:Llyx...xL,— L such that:

o f(al,...,a,'_l,O,a;H,...,an) =0.
Q f(a1,...,ai—1,b1V b2,ai41,...,an) =
f(ai,...,aj-1,b1,8i41,-.-,an) VFf(ar,...,ai-1,b2,3i41,-..,an).

v

Given L a bounded lattice and €1, ...,en,e € {—1,+1}. A function
f:L" — Lis and operator of type ¢1,...,e, — ¢ if
L[ x...x L% — L® is a join hemimorphism.
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Introduction

Let f: L" — L be an operator of type €1,...,&, — €.
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Introduction

Let f: L" — L be an operator of type €1,...,&, — €.

Re € X (L)"™ is defined by

(Py,...,Pn P) € Ry iff £(P,... PEn) C PF.
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Congruences

Let P € X (L). (P1,...,Ps) € MaxR: ' (P) if and only the following
statements hold:

Q (Pi,...,Pn,P)ERy.

@ (Pi,...,Pn) is maximal between the elements of
X (L)™ X ...x X (L) with the property 1.
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Congruences

Let P € X (L). (P1,...,Ps) € MaxR: ' (P) if and only the following
statements hold:
Q (Pi,...,Pn,P)ERy.

@ (Pi,...,Pn) is maximal between the elements of
X (L)™ X ...x X (L) with the property 1.

Definition
A set closed Y C X (L) is called Rf-closed if and only if
MaxR:* (P) C Y" for each P € Y.
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Congruences

The lattice of R¢-closed subsets of X (L) is dually isomorphic to the lattice
of congruences of (L, \,V,0,1,f).
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Subdirectly irreducible and simple algebras

If Y C X (L), we define Y, by

Yo=Y
Yoi1 = Yo UMaxR: 1 (Y,).
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Subdirectly irreducible and simple algebras

If Y C X (L), we define Y, by

Yo=Y
Yoi1 = Yo UMaxR: 1 (Y,).
Consider the set

n:Um

neN
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Subdirectly irreducible and simple algebras

An algebra (L, \,V,0,1,f) is simple if and only if for each P € X (L),
{P},, is dense in X (L).
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Subdirectly irreducible and simple algebras

An algebra (L, \,V,0,1,f) is simple if and only if for each P € X (L),
{P},, is dense in X (L).

Theorem
An algebra (L,\,V,0,1,f) is subdirectly irreducible but non simple if and
only if one of the following statements hold:
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Subdirectly irreducible and simple algebras

An algebra (L, \,V,0,1,f) is simple if and only if for each P € X (L),
{P},, is dense in X (L).

Theorem
An algebra (L,\,V,0,1,f) is subdirectly irreducible but non simple if and
only if one of the following statements hold:

© {PeX(L): (MaxR; " (P)), is dense in X (L)} is a non empty
open proper subset of X (L).
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Subdirectly irreducible and simple algebras

An algebra (L, \,V,0,1,f) is simple if and only if for each P € X (L),
{P},, is dense in X (L).

Theorem
An algebra (L,\,V,0,1,f) is subdirectly irreducible but non simple if and
only if one of the following statements hold:
© {PeX(L): (MaxR; " (P)), is dense in X (L)} is a non empty
open proper subset of X (L).
@ There exists P € X (L), such that P ¢ Cl (MaxF\’;1 (P),,) # 0 and
X (L) ={P}u Cl ((MaxR;* (P)) ).
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Applications: Compatible operators on distributive lattices

Let f: L" — L be an operator of type 1, ...,e, — . The following are
equivalent:

© f is a compatible with the congruences of the lattice L.
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© f is a compatible with the congruences of the lattice L.

@ Forevery Y C X (L) closed and every P € Y it holds that
MaxR:* (P) C Y™.
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© f is a compatible with the congruences of the lattice L.

@ Forevery Y C X (L) closed and every P € Y it holds that
MaxR:* (P) C Y™.
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Applications: Compatible operators on distributive lattices

Let f: L" — L be an operator of type 1, ...,e, — . The following are
equivalent:

© f is a compatible with the congruences of the lattice L.

@ Forevery Y C X (L) closed and every P € Y it holds that
MaxR:* (P) C Y™.

@ MaxR;* (P) C {P}" for each P € X (L).

Q (P1,...,Pn,P) € Ry ifandonly if (Pi,...,Pn) <(P,...,P) in
X (L) x...x X(L)" and (P,...,P,P) € Ry.
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Applications: Compatible operators on distributive lattices

Let f : L™ — L be a join hemimorphism. Then the following are equivalent:

© f is compatible.
Q f(a1,...,an) =a1A...Nap, Af(1,...,1).
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Applications: Compatible operators on distributive lattices

Let f : L™ — L be a join hemimorphism. Then the following are equivalent:

© f is compatible.
Q f(a1,...,an) =a1A...Nap, Af(1,...,1).

v
Theorem

Let f : L" — L be a meet hemimorphism (type —1,...,—1 — —1). Then
the following are equivalent:

© f is compatible.
Q@ f(ar,...,an)=a1V...Va,Vvrf(0,...,0).
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Applications: Compatible operators on distributive lattices

Let f be compatible operator of type €1,...,e, — € over a distributive
lattice L such that Xy ¢ (L) = X (L), thus if there exists 1 < i < n such
that €; # ¢, then L is a boolean lattice.
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Applications: Compatible operators on distributive lattices

Theorem

Let f be compatible operator of type €1,...,e, — € over a distributive
lattice L such that Xy ¢ (L) = X (L), thus if there exists 1 < i < n such
that €; # ¢, then L is a boolean lattice.

| \

Corollary

Let (L,A,V,—,0,1) be a pseudocomplemented lattice. Thus the following
are equivalent:

© — is compatible with the congruences of its lattice reduct.
@ (L,A,V,—,0,1) is a boolean algebra
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Applications: Compatible operators on Heyting algebras

Let f: H" — H of type e1,...,e, — €. The following statements are
equivalent:

© f is a compatible.
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Applications: Compatible operators on Heyting algebras

Let f: H" — H of type e1,...,e, — €. The following statements are
equivalent:

© f is a compatible.

@ Forevery Y C X (H) closed and increasing and every P € Y it holds
that MaxR: ! (P) C Y.
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Applications: Compatible operators on Heyting algebras

Let f: H" — H of type e1,...,e, — €. The following statements are
equivalent:

© f is a compatible.

@ Forevery Y C X (H) closed and increasing and every P € Y it holds
that MaxR: ! (P) C Y.

@ MaxR; 1 (P) C [P)" for each P € X (H).
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Applications: Compatible operators on Heyting algebras

Let f: H" — H of type e1,...,e, — €. The following statements are
equivalent:

© f is a compatible.

@ Forevery Y C X (H) closed and increasing and every P € Y it holds
that MaxR: ! (P) C Y.

@ MaxR; 1 (P) C [P)" for each P € X (H).

Q If(Py,...,Pn, P) € Ry, then the following propositions hold:
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Applications: Compatible operators on Heyting algebras

Let f: H" — H of type e1,...,e, — €. The following statements are
equivalent:

© f is a compatible.
@ Forevery Y C X (H) closed and increasing and every P € Y it holds
that MaxR: ! (P) C Y.
@ MaxR; 1 (P) C [P)" for each P € X (H).
Q If(Py,...,Pn, P) € Ry, then the following propositions hold:
@ Ife;=—1, then P C P; and
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Applications: Compatible operators on Heyting algebras

Let f: H" — H of type e1,...,e, — €. The following statements are
equivalent:

© f is a compatible.

@ Forevery Y C X (H) closed and increasing and every P € Y it holds
that MaxR: ! (P) C Y.

@ MaxR; 1 (P) C [P)" for each P € X (H).

Q If(Py,...,Pn, P) € Ry, then the following propositions hold:

@ Ife;=—1, then P C P; and
@ ife; =1, then there exists P! such that P; U P C P! and
(P1,...,P},....,Py, P) € Ry
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Applications: Compatible operators on Heyting algebras

Let f: H" — H of type e1,...,e, — €. If e = —1, then the following
statements are equivalent:

@ f is a compatible function.
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Applications: Compatible operators on Heyting algebras

Let f: H" — H of type e1,...,e, — €. If e = —1, then the following
statements are equivalent:

@ f is a compatible function.

@ For every ai,...,an, b € H the following propositions hold:
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Applications: Compatible operators on Heyting algebras

Let f: H" — H of type e1,...,e, — €. If e = —1, then the following
statements are equivalent:

@ f is a compatible function.
@ For every ai,...,an, b € H the following propositions hold:
@ Ife;=—1, then a; < f(a1,...,an),
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Applications: Compatible operators on Heyting algebras

Let f: H" — H of type e1,...,e, — €. If e = —1, then the following
statements are equivalent:

@ f is a compatible function.
@ For every ai,...,an, b € H the following propositions hold:

@ Ife;=—1, then a; < f(a1,...,an),
@ ife; =1, then f (a1,...,a;Ab,...,a,) ANb<f(a1,...,an).
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Applications: Compatible operators on Heyting algebras

Let f: H" — H of type e1,...,e, — €. If e = —1, then the following
statements are equivalent:

@ f is a compatible function.
@ For every ai,...,an, b € H the following propositions hold:

@ Ife;=—1, then a; < f(a1,...,an),
@ ife; =1, then f (a1,...,a;Ab,...,a,) ANb<f(a1,...,an).

If e = 1, then the following statements are equivalent:

@ f is a compatible function.
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Applications: Compatible operators on Heyting algebras

Let f: H" — H of type e1,...,e, — €. If e = —1, then the following
statements are equivalent:

@ f is a compatible function.
@ For every ai,...,an, b € H the following propositions hold:
@ Ife;=—1, then a; < f(a1,...,an),
@ ife; =1, then f (a1,...,a;Ab,...,a,) ANb<f(a1,...,an).
If e = 1, then the following statements are equivalent:

@ f is a compatible function.

@© For every ai,...,an, b € H the following propositions hold:
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Applications: Compatible operators on Heyting algebras

Let f: H" — H of type e1,...,e, — €. If e = —1, then the following
statements are equivalent:

@ f is a compatible function.
@ For every ai,...,an, b € H the following propositions hold:
@ Ife;=—1, then a; < f(a1,...,an),
@ ife; =1, then f (a1,...,a;Ab,...,a,) ANb<f(a1,...,an).
If e = 1, then the following statements are equivalent:

@ f is a compatible function.
@© For every ai,...,an, b € H the following propositions hold:
@ Ife; =—1, then a; A f (a1,...,a,) =0,
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Applications: Compatible operators on Heyting algebras

Let f: H" — H of type e1,...,e, — €. If e = —1, then the following
statements are equivalent:

© f is a compatible function.
@ For every ai,...,an, b € H the following propositions hold:
@ Ife;=—1, then a; < f(a1,...,an),
@ ife; =1, then f (a1,...,a;Ab,...,a,) ANb<f(a1,...,an).
If e = 1, then the following statements are equivalent:

© f is a compatible function.
@© For every ai,...,an, b € H the following propositions hold:

@ Ife; =—1, then a; A f (a1,...,a,) =0,
@ ife; =1, then f (a1,...,an) Ab<f(a1,...,a; A b,...,ap).
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Applications: Negations

A negation an operator f of type +1 — —1 or type —1 — +1.
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Applications: Negations

A negation an operator f of type +1 — —1 or type —1 — +1.

Let f : H — H function of type +1 — —1. Then the following are
equivalent:

@ f is a compatible function.
@ Foreverya,be H, f(anb)Ab<f(a).
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Applications: Negations

A negation an operator f of type +1 — —1 or type —1 — +1.

Let f : H — H function of type +1 — —1. Then the following are
equivalent:

@ f is a compatible function.
@ Foreverya,be H, f(anb)Ab<f(a).

Theorem

Let f : H— H function of type -1 — +1. Then the following are
equivalent:

© f is a compatible function.
@ Foreveryac H,anf(a)=0.
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Applications: Meet hemimorphisms

Let f: H" — H a meet hemimorphism. Then the following are equivalent:

© f is a compatible function.

@ Forevery ai,...,an,beH,a1V...Va,<f(a1,a,...,an).
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Open Problems

@ Compatibility between operators.
@ Compatible operators on residuated lattices.

@ Subalgebras.

e-mails: Icabrer@exa.unicen.edu.ar
marta@mate.unlp.edu.ar
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