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Notation and Preliminary Definitions

: Strings and Languages

o Finite Alphabet X = {0,...,r — 1}, cardinality |X|=1r > 2

e Finite strings (words): w = xq - -+ x; € X*, x; € X, length
lw| =1

o Languages: W C X*

o Infinite strings (w-words): £ =x;---x;--- € X¥

o Prefixes of infinite strings: £[0..n] € X*, [£[0..n]| = n

o Prefix relation: w C n, for n € X* U X¥

o Language of prefixes: pref(B) := {w:3dn(n e BAwLC n)}
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Notation and Preliminary Definitions

X“ as CANTOR space

Metric: p(n, &) =inf{r ™. wcnpArwcC €}
Balls in (X¥“,p): w-X“={n:wCn}

Diameter: diamw - X¥ = r—l

Open sets: WX =Upeww - X

Closure: C(F) = {¢ : pref(&) C pref(F)}

Property
F C X“ is closed if and only if pref(&) C pref(F) implies £ € F.
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Notation and Preliminary Definitions

n functions (Ambos-Spies & Busse '03)

Extension function: f: X*— X*

k-bounded extension function: f: X* — Xk

f: X* — X* meets £ € X¥: dw(wC EAw- f(w)C§)
Ms ==, ex- w- f(w) - X<,
Fri= X“\ My
Mz = Neer M,

Fr =X\ Mz = User Fr

§is (fn)new-generic: € € (e Mr, = XY \ U e Fr,

Ludwig Staiger



Notation and Preliminary Definitions

k-bounded automatic genericity

f : X* — Xk is defined by a finite automaton A = (X, @, qo, 9)
and a function g : @ — X* via

f(w) = g(0(qo, w)) -

If f is a k-bounded automatic extension function then F¢ is
definable by a finite automaton.
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Notation and Preliminary Definitions

k-bounded automatic genericity

f : X* — Xk is defined by a finite automaton A = (X, @, qo, 9)
and a function g : @ — X* via

f(w) = g(0(qo, w)) -

Lemma

If f is a k-bounded automatic extension function then F¢ is
definable by a finite automaton.

Theorem (Ambos-Spies & Busse '03)

Let {fX : n € IN} be the family of all k-bounded automatic
extension functions. Then

U Frec U Fpen-

nelN neN

y
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Notation and Preliminary Definitions

Special case: Forbidden subwords

For some v € X*, f = v is a constant function, that is,

E(-v):=F =X\ X"-v-X“.

Definition (Overlap-free words)

A word u € X* is overlap-free if and only if no non-empty proper
prefix of u is a suffix of w.
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Notation and Preliminary Definitions

A hierarchy result by VOLKMANN

Theorem (Volkmann'53)

1. length k: Let v € X¥ be overlap-free, and u € X* neither
overlap-free nor of the form a¥  a € X. Then

dimy E(=v) < dimy E(=u) < dimy E(—0%).

2. length k and k +1: Let u € X**1. If|X| >3 or u is not
overlap-free then

dimy U (=v) <dimy E(—u).
[v|=k
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Notation and Preliminary Definitions

e of the alphabet

Observation. For X = {0,1} we have

dimy E(-0¥1) = dimy E(—0%)
E(-0%1) UnE]N Fx (f¥ is k-bounded automatic)

N

-0, -1
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Notation and Preliminary Definitions
Structure Functions of Languages

Dimensions of w-languages

@ Structure Functions of Languages
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Structure Functions of Languages

Structure function

Definition (Structure Function of W C X* and F C X*)

sw(n) = |[{w:weWA|w|=n}|=|WnX"|

SF

Spref(F)
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Structure Functions of Languages

case: E(—0%'1) and E(—0%)

E, = E(-01'1) = Xx@\X*.0k11.x«
Ex, = E(=0%) = XY\ X*.0k. X«
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Structure Functions of Languages

ase: E(—0'1) and E(—0%)

E, = E(-01'1) = Xx@\X*.0k11.x«
Ex = E(—0% = X@\ X*.-0k.Xxv
Their structure functions satisfy
se(n) = sk(n) = r" ,if 0 < n< k and (1)
(k) = silk) = r*—1
and the recurrences
si(n) = r-sg(n—1)—s, (n—k) ,ifn>k @)

se(n) = (r—1)-Nk se(n—1i) ,ifn>k.
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Structure Functions of Languages

otic behaviour of s, and sy

Let A\, and Ax be the maximum roots of the polynomials

p(2) = ZK—r.Z""1 41 and
k .

pk(z) = (r—1)-z', respectively.
i=0

|_l

Remark. )\, < Ay, and if r > 2 then A\ < Ayy;.

se(n) = A; and sk(n) = A}
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Structure Functions of Languages

Let f : X* — XX be an extension function.

O We call f overlap-free : <—
Ywiv(vC wC v-f(v) = v-f(v) Zw-f(w)).

@ We call f fully overlapping : <—
VwWv(vEwC v f(v) — v-f(v)Cw-f(w)).
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Structure Functions of Languages

Overlapping

Let f : X* — XX be an extension function.

Q@ We call f overlap-free : <—
YwVvivCwCv-f(v) = v-f(v)Zw-f(w)).

@ We call f fully overlapping : <—
VYwiWv(vC wC v-f(v) = v-f(v)Cw-f(w)). )

Lemma

Let f : X* — X¥ be an extension function.

@ There is an overlap-free extension function g : X* — Xk such
that Fy C Fr.

Q@ There is a fully overlapping extension function h : X* — XX
such that Fp, O F¢.

N
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Structure Functions of Languages

Minimal and maximal elements

Ex={Fr: f:X*— Xk}

If F¢ is @ minimal (maximal) w.r.t. set inclusion element in & then
there is an overlap-free extension function g : X* — X* (a fully
overlapping extension function h : X* — Xk ) such that Fr = Fg
(Ff = Fp).
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Structure Functions of Languages

Minimal and maximal elements

Ex={Fr: f:X*— Xk}

Lemma

If F¢ is @ minimal (maximal) w.r.t. set inclusion element in & then
there is an overlap-free extension function g : X* — X* (a fully
overlapping extension function h : X* — Xk ) such that Fr = Fg
(Fr = Fp).

Theorem
Q Iff: X* — XX thens, <sf, < sk.

Q Ifg: X* — Xk is overlap-free then sk, =sx and Fg is
minimal in E.

Q Ifh: X* — XX is fully overlapping then SF, = Sk and Fy is
maximal in .

-
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Notation and Pre nary Definitions
Structure Functions of Languages

Dimensions of w-languages

© Dimensions of w-languages
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Dimensions of w-languages

ki or box-counting dimensions

dimg F := liminf 1. log|x|(se(n) +1)
n—oo

dimg F := limsup % -logx|(sF(n) + 1)
n—oo
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Dimensions of w-languages

Minkowski or box-counting dimensions

dimg F = liminf - log|x|(sr(n) +1)
dimg F = Ii'r1n sup + - log|x|(sF(n) + 1)
dimg F = dimgC(F)
dimg F = dimgC(F)
ECF — dimgE <dimgF
dimg EUF = max{dimg E,dimg F} |
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Dimensions of w-languages

rff measure

La(F) = fim inf{ 3~ r= FC | weXAvw(w e W — |w] > 1)}
wew wew

AILo(F)

*/LQO(F)

YR

Qg = dimH F
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Dimensions of w-languages

Hausdorff dimension

dimy F =sup{a: IL,(F) = oo} =inf{a: IL,(F) =0}

Q dimy ;e Fi = sup {dimy F; : i € IN}
Q dimpw- F =dimy F

@ dimy F < dimg F < dimg F
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Dimensions of w-languages

Relations between the dimensions

Definition (" Subtree” rooted at w € X*)
F/w:={{:w-§{€F}

Theorem (5t.'89)

Let log, v(n) = o(n) for some v : IN — IN. If
sF/w(n) < (Iwl) -sg(n) for all w € X* and all n € IN then

dimHF = MBF.
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Dimensions of w-languages

Relations between the dimensions

Definition (" Subtree” rooted at w € X*)

F/w:={{:w-§{€F}

Theorem (5t.'89)

Let log, v(n) = o(n) for some v : IN — IN. If
sF/w(n) < (Iwl) -sg(n) for all w € X* and all n € IN then

dimHF = MBF.

-

Observation

If f: X* — XX is overlapfree or fully overlapping then
sk, /w(n) < sg.(n), for all w € X* and all n € IN.

.
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Dimensions of w-languages

The dimensions of Fr

If f : X* — XX is overlapfree or fully overlapping then

dimH Ff‘ = mB Ff.
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Dimensions of w-languages

The dimensions of Fr

If f : X* — XX is overlapfree or fully overlapping then

dimH Ff‘ = mg Ff.

Lemma (Mauldin & Williams'88, Bandt '89, St.'89)

If f - X* — Xk is automatic then

dimH Ff = MB Ff.
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Dimensions of w-languages

General hierarchy result |

If f is a k-bounded extension function and f' is a (k + 1)-bounded
extension function over X then Fr 2 Fs and

log x| Ak < dimy Fr < log|x| Ak <
Iog|X| Ak—i—l <dimy Frr < |°g|X| Akt1 -

Equality of Hausdorff dimension dimy Fr = dimy Fg can hold only
if | X| =2, dimy Fr = logy Ak and dimy Fpr = logy Ay g

4
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Dimensions of w-languages

General hierarchy result I

Let, for k € IN, {fk : n € IN} be a countable family of k-bounded
extension functions containing all constant functions. Then

Une]N ank 2 UnG]N ank+1 .
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Dimensions of w-languages

General hierarchy result I

Let, for k € IN, {fk : n € IN} be a countable family of k-bounded
extension functions containing all constant functions. Then

Une]N ank 2 UnG]N ank+1 .

.

Corollary

Let {fX: n € IN} be the family of all k-bounded computable
(recursive) extension functions. Then

Une]N ank C Une]N ank+1 .

.
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