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Foreword

Turing’s deep 1937 paper made it clear that Godel’s astonishing earlier
results on arithmetic undecidability related in a very natural way to a
class of computing automata, nonexistent at the time of Turing’s paper,
but destined to appear only a few years later, subsequently to proliferate
as the ubiquitous stored-program computer of today. The appearance
of computers, and the involvement of a large scientific community in
elucidation of their properties and limitations, greatly enriched the line
of thought opened by Turing. Turing’s distinction between computa-
tional problems was rawly binary: some were solvable by algorithms,
others not. Later work, of which an attractive part is elegantly devel-
oped in the present volume, refined this into a multiplicity of scales
of computational difficulty, which is still developing as a fundamental
theory of information and computation that plays much the same role
in computer science that classical thermodynamics plays in physics:
by defining the outer limits of the possible, it prevents designers of
algorithms from trying to create computational structures which prov-
ably do not exist. It is not surprising that such a thermodynamics of
information should be as rich in philosophical consequence as thermo-
dynamics itself.

This quantitative theory of description and computation, or Com-
putational Complexity Theory as it has come to be known, studies the
various kinds of resources required to describe and execute a computa-
tional process. Its most striking conclusion is that there exist computa-
tions and classes of computations having innocent-seeming definitions
but nevertheless requiring inordinate quantities of some computational
resource. Resources for which results of this kind have been established
include:



(a) The mass of text required to describe an object;

(b) The volume of intermediate data which a computational process
would need to generate;

(¢) The time for which such a process will need to execute, either
on a standard “serial” computer or on computational structures
unrestricted in the degree of parallelism which they can employ.

Of these three resource classes, the first is relatively static, and per-
tains to the fundamental question of object describability; the others
are dynamic since they relate to the resources required for a computa-
tion to execute. It is with the first kind of resource that this book is
concerned. The crucial fact here is that there exist symbolic objects
(i.e., texts) which are “algorithmically inexplicable,” i.e., cannot be
specified by any text shorter than themselves. Since texts of this sort
have the properties associated with the random sequences of classical
probability theory, the theory of describability developed in Part II of
the present work yields a very interesting new view of the notion of
randomness.

The first part of the book prepares in a most elegant, even playful,
style for what follows; and the text as a whole reflects its author’s won-
derful enthusiasm for profundity and simplicity of thought in subject
areas ranging over philosophy, computer technology, and mathematics.

J. T. Schwartz
Courant Institute
February, 1987



Preface

The aim of this book is to present the strongest possible version of
Godel’s incompleteness theorem, using an information-theoretic ap-
proach based on the size of computer programs.

One half of the book is concerned with studying €2, the halting
probability of a universal computer if its program is chosen by tossing
a coin. The other half of the book is concerned with encoding €2 as
an algebraic equation in integers, a so-called exponential diophantine
equation.

Godel’s original proof of his incompleteness theorem is essentially
the assertion that one cannot always prove that a program will fail to
halt. This is equivalent to asking whether it ever produces any output.
He then converts this into an arithmetical assertion. Over the years this
has been improved; it follows from the work on Hilbert’s 10th problem
that Godel’s theorem is equivalent to the assertion that one cannot
always prove that a diophantine equation has no solutions if this is the
case.

In our approach to incompleteness, we shall ask whether or not
a program produces an infinite amount of output rather than asking
whether it produces any; this is equivalent to asking whether or not
a diophantine equation has infinitely many solutions instead of asking
whether or not it is solvable.

If one asks whether or not a diophantine equation has a solution
for N different values of a parameter, the N different answers to this
question are not independent; in fact, they are only log, N bits of in-
formation. But if one asks whether or not there are infinitely many
solutions for N different values of a parameter, then there are indeed
cases in which the N different answers to these questions are inde-



pendent mathematical facts, so that knowing one answer is no help in
knowing any of the others. The equation encoding €2 has this property.

When mathematicians can’t understand something they usually as-
sume that it is their fault, but it may just be that there is no pattern
or law to be discovered!

How to read this book: This entire monograph is essentially a proof
of one theorem, Theorem D in Chapter 8. The exposition is completely
self-contained, but the collection CHAITIN (1987c¢) is a useful source
of background material. While the reader is assumed to be familiar
with the basic concepts of recursive function or computability theory
and probability theory, at a level easily acquired from Davis (1965)
and FELLER (1970), we make no use of individual results from these
fields that we do not reformulate and prove here. Familiarity with
LISP programming is helpful but not necessary, because we give a self-
contained exposition of the unusual version of pure LISP that we use,
including a listing of an interpreter. For discussions of the history
and significance of metamathematics, see DAvis (1978), WEBB (1980),
TyYMOCZKO (1986), and RUCKER (1987).

Although the ideas in this book are not easy, we have tried to present
the material in the most concrete and direct fashion possible. We give
many examples, and computer programs for key algorithms. In partic-
ular, the theory of program-size in LISP presented in Chapter 5 and
Appendix B, which has not appeared elsewhere, is intended as an illus-
tration of the more abstract ideas in the following chapters.
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Chapter 1

Introduction

More than half a century has passed since the famous papers GODEL
(1931) and TURING (1937) that shed so much light on the foundations
of mathematics, and that simultaneously promulgated mathematical
formalisms for specifying algorithms, in one case via primitive recursive
function definitions, and in the other case via Turing machines. The
development of computer hardware and software technology during this
period has been phenomenal, and as a result we now know much better
how to do the high-level functional programming of Godel, and how
to do the low-level machine language programming found in Turing’s
paper. And we can actually run our programs on machines and debug
them, which Godel and Turing could not do.

I believe that the best way to actually program a universal Turing
machine is John McCarthy’s universal function EVAL. In 1960 Mc-
Carthy proposed LISP as a new mathematical foundation for the the-
ory of computation [MCCARTHY (1960)]. But by a quirk of fate LISP
has largely been ignored by theoreticians and has instead become the
standard programming language for work on artificial intelligence. 1
believe that pure LISP is in precisely the same role in computational
mathematics that set theory is in theoretical mathematics, in that it
provides a beautifully elegant and extremely powerful formalism which
enables concepts such as that of numbers and functions to be defined
from a handful of more primitive notions.

Simultaneously there have been profound theoretical advances.
Godel and Turing’s fundamental undecidable proposition, the question

13



14 CHAPTER 1. INTRODUCTION

of whether an algorithm ever halts, is equivalent to the question of
whether it ever produces any output. In this monograph we will show
that much more devastating undecidable propositions arise if one asks
whether an algorithm produces an infinite amount of output or not.!

Godel expended much effort to express his undecidable proposition
as an arithmetical fact. Here too there has been considerable progress.
In my opinion the most beautiful proof is the recent one of JONES and
MATIJASEVIC (1984), based on three simple ideas:

(1) the observation that 11° = 1, 11! = 11, 11? = 121, 113 = 1331,
11* = 14641 reproduces Pascal’s triangle, makes it possible to
express binomial coefficients as the digits of powers of 11 written
in high enough bases,

(2) an appreciation of E. Lucas’s remarkable hundred-year-old theo-
rem that the binomial coefficient “n choose k” is odd if and only if
each bit in the base-two numeral for k& implies the corresponding
bit in the base-two numeral for n,

(3) the idea of using register machines rather than Turing machines,
and of encoding computational histories via variables which are
vectors giving the contents of a register as a function of time.

Their work gives a simple straightforward proof, using almost no num-
ber theory, that there is an exponential diophantine equation with one
parameter p which has a solution if and only if the pth computer pro-
gram (i.e., the program with Gédel number p) ever halts.

Similarly, one can use their method to arithmetize my undecidable
proposition. The result is an exponential diophantine equation with
the parameter n and the property that it has infinitely many solutions
if and only if the nth bit of 2 is a 1. Here €2 is the halting probability
of a universal Turing machine if an n-bit program has measure 27"
[CHAITIN (1975b,1982b)]. € is an algorithmically random real number
in the sense that the first NV bits of the base-two expansion of {2 cannot
be compressed into a program shorter than N bits, from which it follows
that the successive bits of €2 cannot be distinguished from the result of
independent tosses of a fair coin. We will also show in this monograph

IThese results are drawn from CHAITIN (1986,1987b).
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that an N-bit program cannot calculate the positions and values of
more than N scattered bits of ), not just the first N bits.? This implies
that there are exponential diophantine equations with one parameter
n which have the property that no formal axiomatic theory can enable
one to settle whether the number of solutions of the equation is finite
or infinite for more than a finite number of values of the parameter n.

What is gained by asking if there are infinitely many solutions rather
than whether or not a solution exists? The question of whether or
not an exponential diophantine equation has a solution is in general
undecidable, but the answers to such questions are not independent.
Indeed, if one considers such an equation with one parameter k, and
asks whether or not there is a solution for k = 0,1,2,..., N — 1, the
N answers to these N questions really only constitute log, N bits of
information. The reason for this is that we can in principle determine
which equations have a solution if we know how many of them are
solvable, for the set of solutions and of solvable equations is recursively
enumerable (r.e.). On the other hand, if we ask whether the number
of solutions is finite or infinite, then the answers can be independent,
if the equation is constructed properly.

In view of the philosophical impact of exhibiting an algebraic equa-
tion with the property that the number of solutions jumps from finite
to infinite at random as a parameter is varied, I have taken the trouble
of explicitly carrying out the construction outlined by Jones and Mati-
jasevic. That is to say, I have encoded the halting probability €2 into an
exponential diophantine equation. To be able to actually do this, one
has to start with a program for calculating €2, and the only language I
can think of in which actually writing such a program would not be an
excruciating task is pure LISP.

It is in fact necessary to go beyond the ideas of McCarthy in three
fundamental ways:

(1) First of all, we simplify LISP by only allowing atoms to be one
character long. (This is similar to McCarthy’s “linear LISP.”)

(2) Secondly, EVAL must not lose control by going into an infinite
loop. In other words, we need a safe EVAL that can execute

2This theorem was originally established in CHAITIN (1987b).
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garbage for a limited amount of time, and always results in an
error message or a valid value of an expression. This is similar
to the notion in modern operating systems that the supervisor
should be able to give a user task a time slice of CPU, and that
the supervisor should not abort if the user task has an abnormal
error termination.

(3) Lastly, in order to program such a safe time-limited EVAL, it
greatly simplifies matters if we stipulate “permissive” LISP se-
mantics with the property that the only way a syntactically valid
LISP expression can fail to have a value is if it loops forever.
Thus, for example, the head (CAR) and tail (CDR) of an atom
is defined to be the atom itself, and the value of an unbound
variable is the variable.

Proceeding in this spirit, we have defined a class of abstract com-
puters which, as in Jones and Matijasevi¢’s treatment, are register ma-
chines. However, our machine’s finite set of registers each contain a
LISP S-expression in the form of a character string with balanced left
and right parentheses to delimit the list structure. And we use a small
set of machine instructions, instructions for testing, moving, erasing,
and setting one character at a time. In order to be able to use subrou-
tines more effectively, we have also added an instruction for jumping
to a subroutine after putting into a register the return address, and an
indirect branch instruction for returning to the address contained in a
register. The complete register machine program for a safe time-limited
LISP universal function (interpreter) EVAL is about 300 instructions
long.

To test this LISP interpreter written for an abstract machine, we
have written in 370 machine language a register machine simulator.
We have also re-written this LISP interpreter directly in 370 machine
language, representing LISP S-expressions by binary trees of pointers
rather than as character strings, in the standard manner used in prac-
tical LISP implementations. We have then run a large suite of tests
through the very slow interpreter on the simulated register machine,
and also through the extremely fast 370 machine language interpreter,
in order to make sure that identical results are produced by both im-
plementations of the LISP interpreter.
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Our version of pure LISP also has the property that in it we can
write a short program to calculate 2 in the limit from below. The
program for calculating 2 is only a few pages long, and by running it (on
the 370 directly, not on the register machine!), we have obtained a lower
bound of 127/128ths for the particular definition of {2 we have chosen,
which depends on our choice of a self-delimiting universal computer.

The final step was to write a compiler that compiles a register ma-
chine program into an exponential diophantine equation. This compiler
consists of about 700 lines of code in a very nice and easy to use pro-
gramming language invented by Mike Cowlishaw called REXX. REXX
is a pattern-matching string processing language which is implemented
by means of a very efficient interpreter.® It takes the compiler only a
few minutes to convert the 300-line LISP interpreter into a 900,000-
character 17,000-variable universal exponential diophantine equation.
The resulting equation is a little large, but the ideas used to produce it
are simple and few, and the equation results from the straightforward
application of these ideas.

Here we shall present the details of this adventure, but not the full
equation.* My hope is that this monograph will convince mathemati-
cians that randomness and unpredictability not only occur in nonlin-
ear dynamics and quantum mechanics, but even in rather elementary
branches of number theory.

In summary, the aim of this book is to construct a single equa-
tion involving only addition, multiplication, and exponentiation of non-
negative integer constants and variables with the following remarkable
property. One of the variables is considered to be a parameter. Take
the parameter to be 0,1,2,... obtaining an infinite series of equations
from the original one. Consider the question of whether each of the
derived equations has finitely or infinitely many non-negative integer
solutions. The original equation is constructed in such a manner that
the answers to these questions about the derived equations mimic coin
tosses and are an infinite series of independent mathematical facts, i.e.,
irreducible mathematical information that cannot be compressed into

3See COWLISHAW (1985) and O’HARA and GOMBERG (1985).
4The full equation is available from the author: “The Complete Arithmetization
of EVAL,” November 19th, 1987, 294 pp.
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any finite set of axioms. In other words, it is essentially the case that
the only way to prove such assertions is by assuming them as axioms.

To produce this equation, we start with a universal Turing machine
in the form of the LISP universal function EVAL written as a register
machine program about 300 lines long. Then we “compile” this register
machine program into a universal exponential diophantine equation.
The resulting equation is about 900,000 characters long and has about
17,000 variables. Finally, we substitute for the program variable in
the universal diophantine equation the binary representation of a LISP
program for €2, the halting probability of a universal Turing machine if
n-bit programs have measure 27",



Part 1

Formalisms for Computation:
Register Machines,

Exponential Diophantine

Equations, & Pure LISP
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In Part I of this monograph, we do the bulk of the preparatory
work that enables us in Part II to exhibit an exponential diophantine
equation that encodes the successive bits of the halting probability €.

In Chapter 2 we present a method for compiling register machine
programs into exponential diophantine equations. In Chapter 3 we
present a stripped-down version of pure LISP. And in Chapter 4 we
present a register machine interpreter for this LISP, and then compile
it into a diophantine equation. The resulting equation, which unfortu-
nately is too large to exhibit here in its entirety, has a solution, and
only one, if the binary representation of a LISP expression that halts,
i.e., that has a value, is substituted for a distinguished variable in it. It
has no solution if the number substituted is the binary representation
of a LISP expression without a value.

Having dealt with programming issues, we can then proceed in Part
IT to theoretical matters.
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Chapter 2

The Arithmetization of
Register Machines

2.1 Introduction

In this chapter we present the beautiful work of JONES and MATIJA-
SEVIC (1984), which is the culmination of a half century of development
starting with GODEL (1931), and in which the paper of Davis, PuT-
NAM, and ROBINSON (1961) on Hilbert’s tenth problem was such a
notable milestone. The aim of this work is to encode computations
arithmetically. As Godel showed with his technique of Godel num-
bering and primitive recursive functions, the metamathematical asser-
tion that a particular proposition follows by certain rules of inference
from a particular set of axioms, can be encoded as an arithmetical or
number theoretic proposition. This shows that number theory well de-
serves its reputation as one of the hardest branches of mathematics, for
any formalized mathematical assertion can be encoded as a statement
about positive integers. And the work of Davis, Putnam, Robinson,
and Matijasevi¢ has shown that any computation can be encoded as
a polynomial. The proof of this assertion, which shows that Hilbert’s
tenth problem is unsolvable, has been simplified over the years, but it
is still fairly intricate and involves a certain amount of number theory;
for a review see DAVIS, MATIJASEVIC, and ROBINSON (1976).

23



24 CHAPTER 2. REGISTER MACHINES

Formulas for primes: An illustration of the power and importance
of these ideas is the fact that a trivial corollary of this work has been
the construction of polynomials which generate or represent the set of
primes; JONES et al. (1976) have performed the extra work to actu-
ally exhibit manageable polynomials having this property. This result,
which would surely have amazed Fermat, Euler, and Gauss, actually
has nothing to do with the primes, as it applies to any set of positive
integers that can be generated by a computer program, that is, to any
recursively enumerable set.

The recent proof of Jones and Matijasevi¢ that any computation can
be encoded in an exponential diophantine equation is quite remarkable.
Their result is weaker in some ways, and stronger in others: the theorem
deals with exponential diophantine equations rather than polynomial
diophantine equations, but on the other hand diophantine equations
are constructed which have unique solutions. But the most remarkable
aspect of their proof is its directness and straightforwardness, and the
fact that it involves almost no number theory! Indeed their proof is
based on a curious property of the evenness or oddness of binomial
coefficients, which follows immediately by considering Pascal’s famous
triangle of these coefficients.

In summary, I believe that the work on Hilbert’s tenth problem
stemming from Godel is among the most important mathematics of
this century, for it shows that all of mathematics, once formalized, is
mirrored in properties of the whole numbers. And the proof of this
fact, thanks to Jones and Matijasevic, is now within the reach of any-
one. Their 1984 paper is only a few pages long; here we shall devote
the better part of a hundred pages to a different proof, and one that is
completely self-contained. While the basic mathematical ideas are the
same, the programming is completely different, and we give many ex-
amples and actually exhibit the enormous diophantine equations that
arise. Jones and Matijasevi¢ make no use of LISP, which plays a central
role here.

Let us now give a precise statement of the result which we shall

prove. A predicate P(ay,...,a,) is said to be recursively enumerable
(r.e.) if there is an algorithm which given the non-negative integers
ai,...,a, will eventually discover that these numbers have the prop-

erty P, if that is the case. This is weaker than the assertion that
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P is recursive, which means that there is an algorithm which will
eventually discover that P is true or that it is false; P is recursive
if and only if P and not P are both r.e. predicates. Consider func-
tions L(ay,...,an,21,...,Ty) and R(ai,...,an, T1,...,2y) built up
from the non-negative integer variables ay, ..., a,, 1, ..., 2, and from
non-negative integer constants by using only the operations of addition
A + B, multiplication A x B, and exponentiation A®. The predicate
P(ay,...,ay)is said to be exponential diophantineif P(ay, ..., a,) holds
if and only if there exist non-negative integers x1, ..., x,, such that

L(ay, ..., 00,21, ...,Tp) = R(a1,...,Qn, 1, ..., Tp).

Moreover, the exponential diophantine representation L = R of P is
said to be singlefold if P(ay,...,a,) implies that there is a unique m-
tuple of non-negative integers x1, ..., x,, such that

L(ay,...,a0n, 21, ..., Tm) = R(a1, ..., 00,21, ..., Tp)

Here the variables aq,...,a, are referred to as parameters, and the
variables x4, ..., x,, are referred to as unknowns.

The most familiar example of an exponential diophantine equation
is Fermat’s so-called “last theorem.” This is the famous conjecture that
the equation

(]J + 1)n+3 4 (y + 1)n+3 — (Z 4 1)n+3

has no solution in non-negative integers x, vy, z and n. The reason that
exponential diophantine equations as we define them have both a left-
hand side and a right-hand side, is that we permit neither negative
numbers nor subtraction. Thus it is not possible to collect all terms on
one side of the equation.

The theorem of JONES and MATIJASEVIC (1984) states that a pred-
icate is exponential diophantine if and only if it is r.e., and moreover, if
a predicate is exponential diophantine, then it admits a singlefold ex-
ponential diophantine representation. That a predicate is exponential
diophantine if and only if it is r.e. was first shown by DAvis, PuTNAM,
and ROBINSON (1961), but their proof is much more complicated and
does not yield singlefold representations. It is known that the use of
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0: 1
1:1 1
2:1 2 1
3:1 3 3 1
4: 1 4 6 4 1
5: 1 5 10 10 5 1
6: 1 6 15 20 15 6 1
7:1 7 21 3 35 21 7 1
8: 1 8 28 56 70 56 28 8 1
9: 1 9 36 84 126 126 84 36 9 1
10: 1 10 45 120 210 252 210 120 45 10 1
11: 1 11 55 165 330 462 462 330 165 55 11 1
12: 1 12 66 220 495 792 924 792 495 220 66 12 1
13: 1 13 78 286 715 1287 1716 1716 1287 715 286 78 13 1
14: 1 14 91 364 1001 2002 3003 3432 3003 2002 1001 364 91 14 1
15: 1 15 105 455 1365 3003 5005 6435 6435 5005 3003 1365 455 105 15 1
16: 1 16 120 560 1820 4368 8008 11440 12870 11440 8008 4368 1820 560 120 16 1

Figure 2.1: Pascal’s Triangle.

the exponential function A® can be omitted, i.e., a predicate is in fact
polynomial diophantine if and only if it is r.e., but it is not known
whether singlefold representations are always possible without using
exponentiation. Since singlefoldness is important in our applications of
these results, and since the proof is so simple, it is most natural for us
to use here the work on exponential diophantine representations rather
than that on polynomial diophantine representations.

2.2 Pascal’s Triangle Mod 2

Figure 2.1 shows Pascal’s triangle up to
16 16

(ZE + y)lﬁ — Z l,kylfi—k'
iz \ K

This table was calculated by using the formula

()= ()

That is to say, each entry is the sum of two entries in the row above it:
the entry in the same column, and the one in the column just to left.
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(This rule assumes that entries which are not explicitly shown in this
table are all zero.)

Now let’s replace each entry by a 0 if it is even, and let’s replace
it by a 1 if it is odd. That is to say, we retain only the rightmost bit
in the base-two representation of each entry in the table in Figure 2.1.
This gives us the table in Figure 2.2.

Figure 2.2 shows Pascal’s triangle mod 2 up to (z+y)%. This table
was calculated by using the formula

(1) () ) e

That is to say, each entry is the base-two sum without carry (the “EX-
CLUSIVE OR”) of two entries in the row above it: the entry in the
same column, and the one in the column just to left.

Erasing 0’s makes it easier for one to appreciate the remarkable
pattern in Figure 2.2. This gives us the table in Figure 2.3.

Note that moving one row down the table in Figure 2.3 corresponds
to taking the EXCLUSIVE OR of the original row with a copy of it
that has been shifted right one place. More generally, moving down
the table 2" rows corresponds to taking the EXCLUSIVE OR of the
original row with a copy of it that has been shifted right 2" places. This
is easily proved by induction on n.

Consider the coefficients of z* in the expansion of (1 + z)*2. Some
are even and some are odd. There are eight odd coefficients: since 42 =
32 + 8 + 2, the coefficients are odd for k = (0 or 32) + (0 or 8) + (0 or
2). (See the rows marked with an * in Figure 2.3.) Thus the coefficient
of ¥ in (1 + x)*? is odd if and only if each bit in the base-two numeral
for k “implies” (i.e., is less than or equal to) the corresponding bit in
the base-two numeral for 42. More generally, the coefficient of 2" in
(1 + x)™ is odd if and only if each bit in the base-two numeral for k
implies the corresponding bit in the base-two numeral for n.

Let us write r = s if each bit in the base-two numeral for the non-
negative integer r implies the corresponding bit in the base-two numeral
for the non-negative integer s. We have seen that r = s if and only if
the binomial coefficient (f;) of " in (14 x)® is odd. Let us express this
as an exponential diophantine predicate.
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Figure 2.2: Pascal’s Triangle Mod 2.
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Figure 2.3: Pascal’s Triangle Mod 2 with 0’s Replaced by
Blanks. Note the fractal pattern with many parts similar to the whole.
In fact, from a great distance this resembles the Sierpinski gasket de-
scribed in MANDELBROT (1982), pp. 131, 142, 329.
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We use the fact that the binomial coefficients are the digits of the
number (1 4 ¢)° written in base-t notation, if ¢ is sufficiently large. For
example, in base-ten we have

11°=1

11t =11
112 =121
113 = 1331
11% = 14641

but for 11° a carry occurs when adding 6 and 4 and things break down.
In fact, since the binomial coefficients of order s add up to 2°, it is
sufficient to take ¢t = 2°. Hence

t=2°

. (141)* = vt"™! +ut” + w
Tjsiﬁuz()isoddiff w < t"
r

u <t
u 1s odd.

Thus r = s if and only if there exist unique non-negative integers ¢, u,
v, w, T, Yy, z such that

t=2°

(1+1¢t) =vt"™ +ut" +w
w+r+1=1t"
uty+1=t
u=2z+1.

2.3 LISP Register Machines

Now let’s look at register machines! These are machines which have a
finite number of registers, each of which contains an arbitrarily large
non-negative integer, and which have programs consisting of a finite
list of labeled instructions. (Real computing machines of course have
a large number of registers with finite capacity, rather than a small
number of registers with infinite capacity.) FEach of the registers is
simultaneously considered to contain a LISP S-expression in the form
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of a finite string of characters. Each 8 bits of the base-two numeral for
the contents of a register represent a particular character in the LISP
alphabet, and the character string is in the register in reverse order.
We reserve the 8-bit byte consisting entirely of 0’s to mark the end of
a character string.! Thus the rightmost 8 bits of a register are the first
character in the S-expression, and replacing the contents of a register
X by the integer part of the result of dividing it by 256 corresponds to
removing the first character of the string. Similarly, if ¥ is between 1
and 255, replacing X by 256 X +Y corresponds to adding the character
Y at the beginning of the string X.

Figure 2.4 is a table giving all the register machine instructions.
These are the fifteen different kinds of instructions permitted in register
machine language. Note that there are only eleven different opcodes.
All instructions must be labeled.

LABEL: HALT
Halt execution.

LABEL: GOTO LABEL2
This is an unconditional branch to LABEL2. (Normally, execu-
tion flows from each instruction to the next in sequential order.)

LABEL: JUMP REGISTER LABEL2
Set REGISTER to “(NEXT_LABEL)” and go to LABFEL2. Here
“(NEXT_LABEL)” denotes the LISP S-expression consisting of the
list of characters in the label of the next instruction in sequential
order. This instruction is used to jump to a subroutine and si-
multaneously save the return address (i.e., where execution will
resume after executing the subroutine) in a register.

LABEL: GOBACK REGISTER
Go to “(LABEL)” which is in REGISTER. This instruction is
used in conjunction with the JUMP instruction to return from a
subroutine. It is illegal if REGISTER does not contain the label

Tt is not really necessary to have a reserved end-of-string character, but this
convention significantly simplifies the LISP interpreter that we present in Chapter
4.
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L: HALT
: GOTO L2
L: JUMP R L2

-

L: GOBACK
: EQ R 0/255 L2
L: NEQ R R2 L2

(e
j=v)

L: RIGHT R
L: LEFT R 0/255
R R2

L: SET R 0/255

L: OUT R
L: DUMP

CHAPTER 2. REGISTER MACHINES

Halt.

Unconditional branch to L2.

(label) of next instruction into R &
goto L2.

Goto (label) which is in R.

Compare the rightmost 8 bits of R
with an 8-bit constant

or with the rightmost 8 bits of R2

& branch to L2 for equal/not equal.
Shift R right 8 bits.

Shift R left 8 bits & insert an 8-bit
constant or insert the rightmost

8 bits of R2. In the latter case,
then shift R2 right 8 bits.

Set the entire contents of R to be
equal to that of R2 or to an 8-bit
constant (extended to the left with
infinitely many 0’s).

Write string in R.

Dump all registers.

Figure 2.4: Register Machine Instructions. We use non-zero 8-
bit bytes to represent a LISP character and we represent LISP S-
expressions as reversed character strings in binary. l.e., registers con-
tain LISP S-expressions with 8 bits per character and with the order
of the characters reversed. See Figure 3.1 for the bit strings for each
character. Thus the rightmost 8 bits of a register are the first character
in an S-expression. X « 256X +Y (0 < Y < 256) corresponds to
adding the character Y to the beginning of an S-expression. X « the
integer part of X /256 corresponds to removing the first character of an

S-expression.
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of an instruction in the program between parentheses; i.e., the
program is invalid.

LABEL: EQ REGISTER1 CONSTANT LABEL2

Conditional branch: The rightmost 8 bits of REGISTER1 are
compared with an 8-bit CONSTANT. In other words, the first
character in REGISTERI, which is the remainder of REGIS-
TER1 divided by 256, is compared with a CONSTANT from
0 to 255. If they are equal, then execution continues at LABFEL2.
If they are not equal, then execution continues with the next in-
struction in sequential order.

LABEL: EQ REGISTER1 REGISTER2 LABEL2

Conditional branch: The rightmost 8 bits of REGISTERI1 are
compared with the rightmost 8 bits of REGISTER2. In other
words, the first character in REGISTFER1, which is the remainder
of REGISTER1 divided by 256, is compared with the first char-
acter in REGISTER2, which is the remainder of REGISTER2
divided by 256. If they are equal, then execution continues at
LABEL2. 1f they are not equal, then execution continues with
the next instruction in sequential order.

LABEL: NEQ REGISTER1 CONSTANT LABEL2
Conditional branch: The rightmost 8 bits of REGISTER1 are
compared with an 8-bit CONSTANT. In other words, the first
character in REGISTERI1, which is the remainder of REGIS-
TER1 divided by 256, is compared with a CONSTANT from
0 to 255. If they are not equal, then execution continues at LA-
BFELZ2. If they are equal, then execution continues with the next
instruction in sequential order.

LABEL: NEQ REGISTER1 REGISTER2 LABEL2
Conditional branch: The rightmost 8 bits of REGISTER1 are
compared with the rightmost 8 bits of REGISTER2. In other
words, the first character in REGISTFER1, which is the remainder
of REGISTER1 divided by 256, is compared with the first char-
acter in REGISTER2, which is the remainder of REGISTER2
divided by 256. If they are not equal, then execution continues
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at LABEL2. If they are equal, then execution continues with the
next instruction in sequential order.

LABEL: RIGHT REGISTER
Shift REGISTER right 8 bits. l.e., the contents of REGISTER
is replaced by the integer part of REGISTER divided by 256. In
other words, the first character in the S-expression in REGISTER
is deleted.

LABEL: LEFT REGISTER1 CONSTANT
Shift REGISTER1 left 8 bits and add to it an 8-bit CONSTANT.
L.e., the contents of REGISTER1 is multiplied by 256, and then
a CONSTANT from 0 to 255 is added to it. In other words,
the character string in REGISTER now consists of the character
CONSTANT followed by the string of characters previously in
REGISTER.

LABEL: LEFT REGISTER1 REGISTER?2

Shift REGISTER1 left 8 bits, add to it the rightmost 8 bits of
REGISTER?2, and then shift REGISTERZ2 right 8 bits. Le., the
contents of REGISTER]I is multiplied by 256, the remainder of
REGISTER?2 divided by 256 is added to REGISTFER1, and then
REGISTER? is replaced by the integer part of REGISTER2 di-
vided by 256. In other words, the first character in REGISTER2
has been removed and added at the beginning of the character
string in REGISTER]1.

LABEL: SET REGISTER1 CONSTANT
Set the entire contents of REGISTERI to an 8-bit CONSTANT.
L.e., the contents of REGISTER1 is replaced by a CONSTANT
from 0 to 255. In other words, the previous contents of REGIS-
TER1 is discarded and replaced by a character string which is
either a single character or the empty string.

LABEL: SET REGISTER1 REGISTER2
Set the entire contents of REGISTER1 to that of REGISTERZ2.
L.e., the contents of REGISTERI is replaced by the contents of
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L1: SET B X’00’

L2: LEFT B A
L3: NEQ A X’00’ L2
L4: HALT

Figure 2.5: A Register Machine Program to Reverse a Charac-
ter String.

REGISTER2. In other words, the character string in REGIS-
TER1 is discarded and replaced by a copy of the character string
in REGISTER?2.

LABEL: OUT REGISTER
The character string in REGISTER is written out (in the correct,
not the reversed, order!). This instruction is not really necessary;
it is used for debugging.

LABEL: DUMP
Each register’s name and the character string that it contains are
written out (with the characters in the correct, not the reversed,
order!). This instruction is not really necessary; it is used for
debugging.

Here CONSTANT, which denotes an 8-bit constant, is usually writ-
ten as a single character enclosed in apostrophes preceded by a C, e.g.,
C'A’, C'"B', ... The apostrophe itself must be doubled: C" denotes
the 8-bit constant which represents a single apostrophe. And X'00/
denotes the 8-bit constant consisting entirely of 0’s.

Figure 2.5 is an example of a register machine program. This pro-
gram reverses the character string initially in register A. The contents
of A is destroyed, the reversed string replaces the initial contents of
register B, and then the program halts. This program depends on the
fact that the byte consisting of 8 bits of 0’s denotes the end of a char-
acter string and cannot occur inside a string. If register A starts with
the string “abc”, the program will eventually stop with A empty and
with “cba” in register B.



36 CHAPTER 2. REGISTER MACHINES

From this program we shall construct an exponential diophantine
equation with four parameters input.A, input.B, output.A, output.B
that has a solution if and only if this program halts with output.B in B
if it starts with input. A in A, that is to say, if and only if output.B is the
reversal of input. A. The solution, if it exists, is a kind of chronological
record of the entire history of a successful computation, i.e., one which
reaches a HALT instruction without executing an illegal GOBACK
after starting at the first instruction. Thus the solution, if it exists,
is unique, because computers are deterministic and a computational
history is uniquely determined by its input.

Note that if A initially contains “abc”, a total of 8 instructions will
be executed: L1, L2, L3, L2, L3, L2, L3, L4.

Let’s start by giving the solution we want the equation to have, and
then we shall construct an equation that forces this solution.

input.A = “abc”
is the initial contents of register A.
time = 8
is the total number of instructions executed.
number.of .instructions = 4

is the number of lines in the program.

The variable A encodes the contents of register A as a function of
time in the form of a base-¢ number in which the digit corresponding
to ¢' is the contents of A at time ¢. Similarly, the variable B encodes
the contents of register B as a function of time in the form of a base-q
number in which the digit corresponding to ¢' is the contents of B at
time ¢:

A=A A, c e bcbe, abe, abe,
B = cba, cba, ba, ba, a, a, A, input. B,.

Here A denotes the empty string. More precisely, the rightmost digit
gives the initial contents, the next digit gives the contents after the first
instruction is executed, ... and the leftmost digit gives the contents
after the next-to-the-last instruction is executed. (The last instruction
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executed must be HALT, which has no effect on the contents.) Le., the
digit corresponding to ¢' (0 < ¢ < time) gives the contents of a register
just before the (¢ + 1)-th instruction is executed. ¢ must be chosen
large enough for everything to fit.

The base-g numbers L1, L2, L3, L4 encode the instruction being ex-
ecuted as a function of time; the digit corresponding to ¢' in LABEL
is a 1 if LABEL is executed at time ¢, and it is a 0 if LABFEL is not

executed at time t.
L1 = 00000001,

L2 = 00101010,
L3 = 01010100,
L4 = 10000000,.

1 is a base-¢ number consisting of time 1’s:
¢ =11111111,.

Now let’s construct from the program in Figure 2.5 an equation
that forces this solution. This is rather like determining the boolean
algebra for the logical design of a CPU chip. number.of.instructions is
a constant, input. A, input.B, output.A, output.B are parameters, and
time, q, 1, A, B, L1, L2, L3, L4, are unknowns (nine of them).

Let’s choose a big enough base:

q= 256input.A+input.B+time+number.of.instructions

This implies that number.of.instructions is less than ¢, and also that
the contents of registers A and B are both less than ¢ throughout the
entire course of the computation. Now we can define 7:

1+ (q—1)i = qg"™me.
This is the condition for starting execution at line L1:
1= L1.

This is the condition for ending execution at line L4 after executing

time instructions:
qtzmefl — L4
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If there were several HALT instructions in the program, L4 would be
replaced by the sum of the corresponding LABFEL’s. The following
conditions express the fact that at any given time one and only one
instruction is being executed:

1=L1+ L2+ L3+ L4
Ll=1
L2 =1
L3 =1
L4 = .

For these conditions to work, it is important that number.of.instructi-
ons, the number of lines in the program, be less than ¢, the base being
used.

Now let us turn our attention to the contents of registers A and B
as a function of time. First of all, the following conditions determine
the right 8 bits of A and 8-bit right shift of A as a function of time:

256shift. A = A

256shift. A = (g — 1 — 255)i
A = 256shift. A + 255i

A = 256shift. A + char.A

The following conditions determine whether or not the first 8 bits of
register A are all 0’s as a function of time:

. A.X00 = i
256eq.A.X'00' = 2561 — char.A
2561 — char.A = 256eq.A.X'00" + 2551

The following conditions determine when registers A and B are set,
and to what values, as a function of time:

set.B.L1 =0

set.B.L2 = 2568 + char.A

set.B.L2 = (¢ —1)L2

256B + char.A = set.B.L2+ (¢ —1)(i — L2)
set.A.L2 = shift. A

set. A.L2 = (¢ —1)L2

shift. A = set. A.L2+ (¢ — 1)(1 — L2)
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The following conditions determine the contents of registers A and B
when they are not set:

dont.set.A = A

dont.set. A = (¢ —1)(i: — L2)

A = dont.set. A+ (¢ —1)L2
dont.set.B = B

dont.set.B = (¢ —1)(i — L1 — L2)
B = dont.set.B+ (¢ — 1)(L1 + L2)

Finally, the following conditions determine the contents of registers A
and B as a function of time:

A= (¢—1)i

B=(qg—1)

A + output. Aq"™ = input. A + q(set.A.L2 + dont.set. A)

B + output. Bq"™ = input.B + q(set.B.L1 + set. B.L2 + dont.set.B)

We also need conditions to express the manner in which control
flows through the program, i.e., the sequence of execution of steps of
the program. This is done as follows. L1 always goes to L2:

qL1l = L2
L2 always goes to L3:
qL2 = L3
L3 either goes to L4 or to L2:
qL3 = L4+ L2

If the right 8 bits of A are 0’s then L3 does not go to L2:
qL3 = L2+ qeq. A.X'00

There is no condition for L4 because it doesn’t go anywhere.
Above there are 8 equations and 29 =’s, in 4 parameters (input.A,
input. B, output. A, output.B) and 17 unknowns. Each condition L = R
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above is expanded into the following 7 equations in 9 variables:

r=1=L

s=R

t=2°
(1+1¢t) =vt"™ +ut" +w
w+r+1=1t"
uty+1=t
u=2z+1.

Each time this is done, the 9 variables r,s,t, u,v,w,z,y, 2 must be
renamed to unique variables in order to avoid a name clash. The result
is 8 + 7 x 29 = 211 equations in 4 parameters and 17 4+ 9 x 29 = 278
unknowns. Minus signs are eliminated by transposing terms to the
other side of the relevant equations r = L or s = R. Then all the
equations are combined into a single one by using the fact that

> (A, — B> =0iff A; = B;.

Here again, negative terms must be transposed to the other side of the
composite equation. E.g., five equations can be combined into a single
equation by using the fact that if a,b, ¢, d, e, f, g, h, i, 7 are non-negative
integers, then

if and only if
(a=b*+(c=d) +(e=f)*+(g—h)*+(i—j)* =0,
that is, if and only if

A+ P+l e+ P g+ R4+
= 2ab + 2cd + 2ef + 2gh + 21.

The result is a single (enormous!) exponential diophantine equation
which has one solution for each successful computational history, i.e.,
for each one that finally halts. Thus we have obtained a singlefold
diophantine representation of the r.e. predicate “output.B is the char-
acter string reversal of input.A”. The method that we have presented
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by working through this example is perfectly general: it applies to any
predicate for which one can write a register machine computer program.
In Chapter 4 we show that this is any r.e. predicate, by showing how
powerful register machines are.

The names of auxiliary variables that we introduce are in lower-
case with dots used for hyphenation, in order to avoid confusion with
the names of labels and registers, which by convention are always in
upper-case and use underscores for hyphenation.

Above, we encountered eq.A.X’'00". This is a somewhat special case;
the general case of comparison for equality is a little bit harder. These
are the conditions for eq.A.B, ge.A.B, and ge.B.A, which indicate
whether the rightmost 8 bits of registers A and B are equal, greater
than or equal, or less than or equal, respectively, as a function of time:

ge.A.B =1

256ge.A.B = 256i + (char.A — char.B)

2567 + (char.A — char.B) = 256ge.A.B + 255i
ge.B.A =i

256ge.B.A = 2561 — (char.A — char.B)

2567 — (char.A — char.B) = 256ge.B.A + 255i
eq.A.B =1

2eq.A.B = ge.A.B + ge.B.A

ge.A.B+ ge.B.A = 2e¢q.A.B +1

Here we use the fact that the absolute value of the difference between
two characters cannot exceed 255.

As for JUMP’s and GOBACK’s, the corresponding conditions are
easily constructed using the above ideas, after introducing a variable ic
to represent the instruction counter. Our program for character string
reversal does not use JUMP or GOBACK, but if it did, the equation
defining the instruction counter vector would be:

ic = C"(L1)'L1 4 C'(L2)'L2 + C'(L3)'L3 + C'(L4)' LA

Here C’"(L1)" denotes the non-negative integer that represents the LISP
S-expression (L1), etc. Thus for the execution of this program that we
considered above,

ic = (L4), (L3), (L2), (L3), (L2), (L3), (L2), (L1),
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Le., the digit corresponding to ¢ in ic is a LISP S-expression for the
list of the characters in the label of the instruction that is executed at
time t. Note that if labels are very long, this may require the base ¢ to
be chosen a little larger, to ensure that the list of characters in a label
always fits into a single base-¢q digit.

It is amusing to look at the size of the variables in a solution of
these exponential diophantine equations. Rough estimates of the size
of solutions simultaneously serve to fix in the mind how the equations
work, and also to show just how very impractical they are. Here goes a
very rough estimate. The dominant term determining the base ¢ that
is used is

~ 28tzme

q

where time is the total number of instructions executed during the
computation, i.e., the amount of time it takes for the register machine
to halt. This is because the LEFT instruction can increase the size
of a character string in a register by one 8-bit character per “machine
cycle”, and ¢ must be chosen so that the largest quantity that is ever
in a register during the computation can fit into a single base-q digit.
That’s how big ¢ is. How about the register variables? Well, they are
vectors giving a chronological history of the contents of a register (in
reverse order). lL.e., each register variable is a vector of time elements,
each of which is (8time)-bits long, for a total of 8time?* bits altogether.
Thus

. . ; 2
register variable s 284¢"

And how about the variables that arise when =’s are expanded into
equations? Well, very roughly speaking, they can be of the order of 2
raised to a power which is itself a register variable! Thus

. . StzmeQ
expansion variable ~ 22 3

Considering how little a LISP register machine accomplishes in one
step, non-trivial examples of computations will require on the order of
tens or hundreds of thousands of steps, i.e.,

time =~ 100,000.

For example, in Chapter 4 we shall consider a LISP interpreter and
its implementation via a 308-instruction register machine program. To
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APPEND two lists consisting of two atoms each, takes the LISP inter-
preter 238890 machine cycles, and to APPEND two lists consisting of
six atoms each, takes 1518834 machine cycles! This shows very clearly
that these equations are only of theoretical interest, and certainly not
a practical way of actually doing computations.

The register machine simulator that counted the number of ma-
chine cycles is written in 370 machine language. On the large 370
mainframe that I use, the elapsed time per million simulated register
machine cycles is usually from 1 to 5 seconds, depending on the load
on the machine. Fortunately, this same LISP can be directly imple-
mented in 370 machine language using standard LISP implementation
techniques. Then it runs extremely fast, typically one, two, or three
orders of magnitude faster than on the register machine simulator. How
much faster depends on the size of the character strings that the regis-
ter machine LISP interpreter is constantly sweeping through counting
parentheses in order to break lists into their component elements. Real
LISP implementations avoid this by representing LISP S-expressions
as binary trees of pointers instead of character strings, so that the de-
composition of a list into its parts is immediate. They also replace the
time-consuming search of the association list for variable bindings, by a
direct table look-up. And they keep the interpreter stack in contiguous
storage rather then representing it as a LISP S-expression.

We have written in REXX a “compiler” that automatically converts
register machine programs into exponential diophantine equations in
the manner described above. Solutions of the equation produced by this
REXX compiler correspond to successful computational histories, and
there are variables in the equation for the initial and final contents of
each machine register. The equation compiled from a register machine
program has no solution if the program never halts on given input, and
it has exactly one solution if the program halts for that input.

Let’s look at two simple examples to get a more concrete feeling for
how the compiler works. But first we give in Section 2.4 a complete cast
of characters, a dictionary of the different kinds of variables that appear
in the compiled equations. Next we give the compiler a 16-instruction
register machine program with every possible register machine instruc-
tion; this exercises all the capabilities of the compiler. Section 2.5 is the
compiler’s log explaining how it transformed the 16 register machine
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instructions into 17 equations and 111 =-'s. Note that the compiler
uses a FORTRAN:-like notation for equations in which multiplication
is * and exponentiation is .

We don’t show the rest, but this is what the compiler does. First it
expands the =’s and obtains a total of 17+ 7 x 111 = 794 equations,
and then it folds them together into a single equation. This equation is
unfortunately too big to include here; as the summary information at
the end of the compiler’s log indicates, the left-hand side and right-hand
side are each more than 20,000 characters long.

Next we take an even smaller register machine program, and this
time we run it through the compiler and show all the steps up to the
final equation. This example really works; it is the 4-instruction pro-
gram for reversing a character string that we discussed above (Figure
2.5). Section 2.6 is the compiler’s log explaining how it expands the
4-instruction program into 13 equations and 38 =’s. This is slightly
larger than the number of equations and =’s that we obtained when we
worked through this example by hand; the reason is that the compiler
uses a more systematic approach.

In Section 2.7 the compiler shows how it eliminates all =’s by ex-
panding them into equations, seven for each =. The original 13 equa-
tions and 38 =’s produced from the program are flush at the left mar-
gin. The 13 + 7 x 38 = 279 equations that are generated from them
are indented 6 spaces. When the compiler directly produces an equa-
tion, it appears twice, once flush left and then immediately afterwards
indented 6 spaces. When the compiler produces a =, it appears flush
left, followed immediately by the seven equations that are generated
from it, each indented six spaces. Note that the auxiliary variables
generated to expand the nth = all end with the number n. By looking
at the names of these variables one can determine the = in Section 2.6
that they came from, which will be numbered (imp.n), and see why the
compiler generated them.

The last thing that the compiler does is to take each of the 279
equations that appear indented in Section 2.7 and fold it into the left-
hand side and right-hand side of the final equation. This is done using
the “sum of squares” technique: x = y adds 2 + y? to the left-hand
side and 2zy to the right-hand side. Section 2.8 is the resulting left-
hand side, and Section 2.9 is the right-hand side; the final equation is
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five pages long. More precisely, a 4-instruction register machine pro-
gram has become an 8534 4+ 3 4 7418 = 15955 character exponential
diophantine equation. The “+ 3” is for the missing central equal sign
surrounded by two blanks.

The equation in Sections 2.8 and 2.9 has exactly one solution in non-
negative integers if output.B is the character-string reversal of input. A.
It has no solution if output.B is not the reversal of input.A. One can
jump into this equation, look at the names of the variables, and then
with the help of Section 2.6 determine the corresponding part of the
register machine program.

That concludes Chapter 2. In Chapter 3 we present a version of
pure LISP. In Chapter 4 we program a register machine to interpret this
LISP, and then compile the interpreter into a universal exponential dio-
phantine equation, which will conclude our preparatory programming
work and bring us to the theoretical half of this book.

2.4 Dictionary of Auxiliary Variables U-
sed in Arithmetization — Dramatis
Personae

i (vector)
This is a base-g number with time digits all of which are 1’s.

time (scalar)
This is the time it takes the register machine to halt, and it is also
the number of components in vectors, i.e., the number of base-g
digits in variables which represent computational histories.

total.input (scalar)
This is the sum of the initial contents of all machine registers.

q (scalar)
This power of two is the base used in vectors which represent
computational histories.

q.minus.1 (scalar)
This is ¢ — 1.
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ic (vector)
This is a vector giving the label of the instruction being executed
at any given time. l.e., if at time ¢ the instruction LABEL is
executed, then the base-¢ digit of ic corresponding to ¢' is the
binary representation of the S-expression (LABEL).

next.ic (vector)
This is a vector giving the label of the next instruction to be ex-
ecuted. l.e., if at time ¢ + 1 the instruction LABFEL is executed,
then the base-¢ digit of ic corresponding to ¢' is the binary rep-
resentation of the S-expression (LABEL).

longest.label (scalar)
This is the number of characters in the longest label of any in-
struction in the program.

number.of.instructions (scalar)
This is the total number of instructions in the program.

REGISTER (vector)
This is a vector giving the contents of REGISTER as a function
of time. Le., the base-g digit corresponding to ¢’ is the contents
of REGISTER at time t.

LABEL (logical vector)
This is a vector giving the truth of the assertion that LABEL is
the current instruction being executed as a function of time. Le.,
the base-¢ digit corresponding to ¢' is 1 if LABEL is executed at
time ¢, and it is 0 if LABEL is not executed at time t.

char.REGISTER (vector)
This is a vector giving the first character (i.e., the rightmost 8
bits) in each register as a function of time. L.e., the base-¢ digit
corresponding to ¢! is the number between 0 and 255 that repre-
sents the first character in REGISTER at time t.

shift. REGISTER (vector)
This is a vector giving the 8-bit right shift of each register as a
function of time. Ie., the base-¢q digit corresponding to ¢ is the
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integer part of the result of dividing the contents of REGISTER
at time ¢ by 256.

input. REGISTER (scalar)
This is the initial contents of REGISTER.

output. REGISTER (scalar)
This is the final contents of REGISTER.

eq.REGISTER1.REGISTER2 (logical vector)
This is a vector giving the truth of the assertion that the rightmost
8 bits of REGISTER1 and REGISTERZ are equal as a function
of time. Ie., the base-¢q digit corresponding to ¢' is 1 if the first
characters in REGISTER1 and REGISTER2 are equal at time ¢,
and it is 0 if the first characters in REGISTER1 and REGISTER?2
are unequal at time t.

eq.REGISTER.CONSTANT (logical vector)
This is a vector giving the truth of the assertion that the right-
most 8 bits of REGISTER are equal to a CONSTANT as a func-
tion of time. ILe., the base-q digit corresponding to ¢' is 1 if the
first character in REGISTER and the CONSTANT are equal at
time ¢, and it is O if the first character in REGISTER and the
CONSTANT are unequal at time t.

ge. REGISTER1.REGISTER?2 (logical vector)

This is a vector giving the truth of the assertion that the rightmost
8 bits of REGISTER1 are greater than or equal to the rightmost
8 bits of REGISTER2 as a function of time. I.e., the base-q digit
corresponding to ¢' is 1 if the first character in REGISTERI is
greater than or equal to the first character in REGISTERZ at
time ¢, and it is O if the first character in REGISTER1 is less
than the first character in REGISTERZ2 at time t.

ge. REGISTER.CONSTANT (logical vector)
This is a vector giving the truth of the assertion that the rightmost
8 bits of REGISTER are greater than or equal to a CONSTANT
as a function of time. Ie., the base-g digit corresponding to ¢*
is 1 if the first character in REGISTER is greater than or equal
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to the CONSTANT at time t, and it is O if the first character in
REGISTER is less than the CONSTANT at time t.

ge. CONSTANT.REGISTER (logical vector)
This is a vector giving the truth of the assertion that a CON-
STANT is greater than or equal to the rightmost 8 bits of REG-
ISTER as a function of time. L.e., the base-q digit corresponding
to ¢ is 1 if the CONSTANT is greater than or equal to the first
character in REGISTER at time t, and it is 0 if the CONSTANT
is less than the contents of REGISTER at time .

goback.LABEL (vector)
This vector’s t-th component (i.e., the base-q digit corresponding
to ¢') is the same as the corresponding component of nezt.ic if
the GOBACK instruction LABFEL is executed at time ¢, and it is
0 otherwise.

set. REGISTER. (logical vector)
This vector’s t-th component (i.e., the base-¢ digit corresponding
to ¢') is 1 if REGISTER is set at time ¢, and it is 0 otherwise.

set. REGISTER.LABEL (vector)
This vector’s t-th component (i.e., the base-¢ digit corresponding
to ¢') is the new contents of REGISTER resulting from executing
LABEL if LABEL sets REGISTER and is executed at time ¢, and
it is 0 otherwise.

dont.set. REGISTER. (vector)
This vector’s t-th component (i.e., the base-q digit corresponding
to ¢") gives the previous contents of REGISTER if the instruction
executed at time t does not set REGISTER, and it is 0 otherwise.

rNUMBER
The left-hand side of the NUMBERth implication.

sNUMBER
The right-hand side of the NUMBERth implication.

tNUMBER
The base used in expanding the NUMBERth implication.
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uNUMBER
The binomial coefficient used in expanding the NUMBERth im-
plication.

vNUMBER
A junk variable used in expanding the NUMBERth implication.

wNUMBER
A junk variable used in expanding the NUMBERth implication.

xNUMBER
A junk variable used in expanding the NUMBERth implication.

yNUMBER
A junk variable used in expanding the NUMBERth implication.

zNUMBER
A junk variable used in expanding the NUMBERth implication.

2.5 An Example of Arithmetization

Program:

L1: GOTO L1

L2: JUMP C L1
L3: GOBACK C

L4: NEQ A C’a’ L1
L5: NEQ A B L1
L6: EQ A C’b’ L1
L7: EQ A B L1
L8: OUT C

L9: DUMP

L10: HALT

L11: SET A C’a’
L12: SET A B
L13: RIGHT C
L14: LEFT A C’Db’
L15: LEFT A B
L16: HALT



50 CHAPTER 2. REGISTER MACHINES

Equations defining base q .......... .. i i i

(eq.1) total.input = input.A + input.B + input.C
(eq.2) number.of.instructions = 16
(eq.3) longest.label = 3
(eq.4) g = 256 *x ( total.input + time +

number.of .instructions + longest.label + 3 )
(eq.5) g.minus.1 + 1 =g

Equation defining i, all of whose base q digits are 1’s:
(eq.6) 1+qx*x1i=1i+q *k time

Basic Label Variable Equations sxkskkskskskskskokskskskokskskskokskskskokokskskokoskokkok

(imp.1) L1 => i
(imp.2) L2 => 1
(imp.3) L3 => i
(imp.4) L4 => i
(imp.5) L5 => i
(imp.6) L6 => i
(imp.7) L7 => 1
(imp.8) L8 => i
(imp.9) L9 => i

(imp.10) L10 =>
(imp.11) L1l =
(imp.12) L12 =>
(imp.13) L13 =
(imp.14) L14 =>
(imp.15) L15 =>
(imp.16) L16 => i

(eq.7) i=L1+1L2+1L3+14+ L5+ L6 +L7 + 18+ L9 +

L10 + L11 + L12 + L13 + L14 + L15 + L16

He e e e He .

Equations for starting & halting:
(imp.17) 1 =11
(eq.8) q ** time = q * L10 + q * L16

Equations for Flow of Control skskskosksksksksksk sk sk sk sk sk sk sk ok sk sk sk sk ok 3k 5k ok >k 3k 5k >k > 3k
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L1: GOTO L1

(imp.18) q* L1 => L1
L2: JUMP C L1

(imp.19) q * L2 => L1

L3: GOBACK C

(imp.20) goback.L3 => C
(imp.21) goback.L3 => q.minus.1 * L3
(imp.22) C => goback.L3 + q.minus.1 * i - g.minus.1 * L3

(imp.23) goback.L3 => next.ic

(imp.24) goback.L3 => q.minus.1 * L3

(imp.25) next.ic => goback.L3 + g.minus.1 * i - gq.minus.1 *
L3

L4: NEQ A C’a’ L1

(imp.26)  q % L4 => L5 + L1
(imp.27) q* L4 => L1 + g *x eq.A.C’a’

+

L5: NEQ A B L1

(imp.28) g * L6 =>16 + L1
(imp.29) qg* L5 =>11+q * eq.A.B

+

L6: EQ A C°b’ L1

(imp.30) q * L6 => L7 + L1
(imp.31) q * L6 => L7 + q * eq.A.C’b’

+

L7: EQ A B L1

(imp.32) q * L7 => L8 + L1
(imp.33) q * L7 => L8 + q * eq.A.B

+
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L8: OUT C

(imp.34) q * L8 => L9
L9: DUMP

(imp.35) q * L9 => L10
L10: HALT

Li11: SET A C’a’

(imp.36) q * L11 => L12
L12: SET A B

(imp.37) q * L12 => L13

L13: RIGHT C

(imp.38) q * L13 => L14
L14: LEFT A C’b’

(imp.39) q * L14 => L15
L15: LEFT A B

(imp.40) q * L15 => L16

L16: HALT
Instruction Counter equations (needed for GOBACK’S) ..........

The ic vector is defined as follows:
C’(L1)’ * L1 + C’(L2)’ * L2 + C°(L3)’ * L3 +
C’(L4)’ * L4 + C>(L5)’> » L6 + C’(L6)’ * L6 +
C’(L7)’ * L7 + C°(L8)’ » L8 + C°(L9)’ = L9 +
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C’(L10)? * L10 + C’(L11)’ * L11 + C’>(L12)’ * L12 +
C’(L13)’ * L13 + C’(L14)’ * L14 + C’(L15)’ * L15 +
C’(L16)’ * L16

In other words,

(eq.9) ic = 1075605632 * L1 + 1083994240 * L2 +
1079799936 * L3 + 1088188544 * L4 + 1077702784 *
L5 + 1086091392 * L6 + 1081897088 * L7 +
1090285696 * L8 + 1073901696 * L9 + 278839193728 *
L10 + 275349532800 * L11 + 277497016448 * L12 +

276423274624 * L13 + 278570758272 * L14 +
275886403712 * L1565 + 278033887360 * L16

(imp.41) g * next.ic => ic
(imp.42) ic => q * next.ic + q - 1

Auxiliary Register Equations >k >k >k >k >k >k >k >k >k >k >k >k >k >k >k >k >k >k >k >k >k >k %k %k %k >k >k K K K K kK

(3 =>’s are produced whenever a register’s value is set)
(6 =>’s for a LEFT that sets 2 registers)

L1: GOTO L1

L2: JUMP C L1

Note: C’(L3)’ is 1079799936

(imp.43) set.C.L2 => 1079799936 * i

(imp.44) set.C.L2 => q.minus.1 * L2

(imp.45) 1079799936 * i => set.C.L2 + gq.minus.1 * i -
q.minus.1 * L2

L3: GOBACK C

L4: NEQ A C’a’ L1

L5: NEQ A B L1

L6: EQ A C’b’ L1
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L7: EQ A B L1

L8: OUT C

L9: DUMP

L10: HALT

L11: SET A C’a’

(imp.46) set.A.L11 => 184 * i

(imp.47) set.A.L11 => g.minus.1 * L11

(imp.48) 184 * i => set.A.L11 + g.minus.1 * i - g.minus.1 *
L11

L12: SET A B

(imp.49) set.A.L12 => B

(imp.50) set.A.L12 => q.minus.1 * L12

(imp.51) B => set.A.L12 + q.minus.1 * i - gq.minus.1 * L12

L13: RIGHT C

(imp.52) set.C.L13 => shift.C

(imp.53) set.C.L13 => g.minus.1 * L13

(imp.54) shift.C => set.C.L13 + g.minus.1 * i - q.minus.1 *
L13

Li14: LEFT A C’b’

(imp.55) set.A.L14 => 256 * A + 120 * i

(imp.56) set.A.L14 => g.minus.1 * L14

(imp.57) 266 * A + 120 * i => set.A.L14 + q.minus.1 * 1 -
q.minus.1 * L14

L15: LEFT A B

(imp.58) set.A.L15 => 256 * A + char.B
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(imp.59)
(imp.60)

(imp.61)
(imp.62)
(imp.63)

L16: HALT

set.A.L15 => g.minus.1 * L15
256 * A + char.B => set.A.L15 + g.minus.1 * i -
q.minus.1 * L15

set.B.L15 => shift.B

set.B.L15 => g.minus.1 * L15

shift.B => set.B.L15 + gq.minus.1 * i - gq.minus.1 *
L15

Main Register Equations s kskskskokokskskskskokskokokskskskofokskokokskokokokokokkokokokokokkokok

Register A

(imp.64)
(eq.10)

(eq.11)

(imp.65)
(imp.66)
(imp.67)

(imp.68)
(imp.69)
(imp.70)
(eq.12)

Register B

(imp.71)
(eq.13)

(eq.14)
(imp.72)
(imp.73)

A => g.minus.1 * i

A + output.A * q ** time = input.A + q * set.A.L11
+ q * set.A.L12 + q * set.A.L14 + q * set.A.L15 +
q * dont.set.A

set.A = L11 + L12 + L14 + L15

dont.set.A => A

dont.set.A => gq.minus.1 * i - g.minus.1 * set.A
A => dont.set.A + g.minus.1 * set.A

256 * shift.A => A

256 * shift.A => gq.minus.1 * i - 255 * i
A => 256 * shift.A + 255 * i

A = 256 * shift.A + char.A

B => g.minus.1 * 1
B + output.B * g ** time = input.B + g * set.B.L15
+ q * dont.set.B

set.B = L15
dont.set.B => B
dont.set.B => q.minus.1 * i - g.minus.1 * set.B
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(imp.74)

(imp.75)
(imp.76)
(imp.77)
(eq.15)

Register C

(imp.78)
(eq.16)

(eq.17)

(imp.79)
(imp.80)
(imp.81)

(imp.82)
(imp.83)
(imp.84)

CHAPTER 2. REGISTER MACHINES

B => dont.set.B + g.minus.1 * set.B

256 * shift.B => B

256 * shift.B => gq.minus.1 * i - 2565 * i
B => 256 * shift.B + 255 * i

B = 256 * shift.B + char.B

C => g.minus.1 * i
C + output.C * q ** time = input.C + q * set.C.L2
+ q * set.C.L13 + q * dont.set.C

set.C = L2 + L13

dont.set.C => C

dont.set.C => gq.minus.1 * i - g.minus.1 * set.C
C => dont.set.C + g.minus.1 * set.C

256 * shift.C => C
256 * shift.C => gq.minus.1 * i - 255 * i
C => 2566 * shift.C + 2565 * i

Equations for Compares s xskkkskskokskskskkskskokokskskokokokskokokoksdokokokskokokokkkokoskokkok

Compare A C’a’ ...

Note: C’a’

(imp.85)
(imp.86)
(imp.87)

(imp.88)
(imp.89)
(imp.90)

(imp.91)

is 184

ge.A.C’a’ => i

256 * ge.A.C’a’ => 256 * i + char.A - 184 * i
2566 * i + char.A - 184 * i => 256 * ge.A.C’a’ +
265 * i

ge.C’a’.A => 1

256 * ge.C’a’.A => 256 * i + 184 * i - char.A
256 * i + 184 * i - char.A => 256 * ge.C’a’.A +
255 * i

eq.A.C’a’ => 1
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(imp.92) 2 x eq.A.C’a’ => ge.A.C’a’ + ge.C’a’.A
(imp.93) ge.A.C’a’ + ge.C’a’.A => 2 x eq.A.C’a’ + i

Compare A B ... .

(imp.94) ge.A.B => i

(imp.95) 256 * ge.A.B => 2566 * i + char.A - char.B

(imp.96) 2566 * i + char.A - char.B => 256 * ge.A.B + 255 *
i

(imp.97) ge.B.A => i

(imp.98) 256 * ge.B.A => 2566 * i + char.B - char.A

(imp.99) 2566 * i + char.B - char.A => 256 * ge.B.A + 255 *
i

(imp.100) eq.A.B => i
(imp.101) 2 * eq.A.B => ge.A.B + ge.B.A
(imp.102) ge.A.B + ge.B.A => 2 % eq.A.B + i

Compare A C b’ ...
Note: C’b’ is 120

(imp.103) ge.A.C’b’ => i

(imp.104) 256 * ge.A.C’b’ => 256 * i + char.A - 120 * i

(imp.105) 256 * i + char.A - 120 * 1 => 256 * ge.A.C’b’ +
255 * i

(imp.106) ge.C’b’.A => i

(imp.107) 256 * ge.C’b’.A => 266 * 1 + 120 * i - char.A

(imp.108) 256 * i + 120 * i - char.A => 256 * ge.C’b’.A +
255 * i

(imp.109) eq.A.C’b’> => i
(imp.110) 2 * eq.A.C’b’ => ge.A.C’b’ + ge.C’b’.A
(imp.111) ge.A.C’b’ + ge.C’b’.A => 2 % eq.A.C’b’ + i

Summary Information kkskkskskkskskkskokkskokkskokkskokkokkkokkokokkokkkokkokKokok Kok ok
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labels in program..... 16
registers in program.. 3

equations generated... 17
=>’s generated........ 111
auxiliary variables... 43

Equations added to expand =>’s.. 777 (7 per =>)
Variables added to expand =>’s.. 999 (9 per =>)
Characters in left-hand side.... 24968
Characters in right-hand side... 21792

Register variables:

ABC

Label variables:

L1 L10 L11 Li2 L13 Li4 L15 L16 L2 L3 L4 L5 L6 L7
L8 L9

Auxiliary variables:

Variables

char.A char.B dont.set.A dont.set.B dont.set.C
eq.A.B eq.A.C’a’ eq.A.C’b’ ge.A.B ge.A.C’a’
ge.A.C’b’ ge.B.A ge.C’a’ . A ge.C’b’.A goback.L3 i
ic input.A input.B input.C longest.label next.ic
number.of.instructions output.A output.B output.C
q q.minus.1 set.A set.A.L11 set.A.L12 set.A.L14
set.A.L15 set.B set.B.L15 set.C set.C.L13 set.C.L2
shift.A shift.B shift.C time total.input

added to expand =>’s:
rl s1 t1 ul vl wl x1 y1 z1 ... z111

Elapsed time is 22.732864 seconds.
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2.6 A Complete Example of Arithmetiza-
tion
Program:

L1: SET B X’00°
L2: LEFT B A

L3: NEQ A X’00’ L2
L4: HALT

Equations defining base q .......... .. i i i i

(eq.1) total.input = input.A + input.B
(eq.2) number.of.instructions = 4
(eq.3) longest.label = 2
(eq.4) q = 256 **x ( total.input + time +
number.of .instructions + longest.label + 3 )
(eq.5) q.minus.1 + 1 = q

Equation defining i, all of whose base q digits are 1’s:
(eq.6) 1+qx*x1i=1i+q *x time

Basic Label Variable Equations sxkskkskskkskskskokskskskokokskskokokskokokokskskokokskkok

(imp.1) L1 => i
(imp.2) L2 => i
(imp.3) L3 =>1
(imp.4) L4 => i
(eq.7) i=L1+12+L3+1L4

Equations for starting & halting:
(imp.5) 1 =11
(eq.8) q ** time = q * L4

Equations for Flow of Control skskskosksksksksksk sk sk sk sk sk sk sk ok sk 3k sk sk ok 3k 5k ok >k 3k %k >k > 3k

L1: SET B X’00°
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(imp.6) q * L1 => L2
L2: LEFT B A
(imp.7) q * L2 => L3

L3: NEQ A X’00’ L2

(imp.8) q * L3 => L4 + L2
(imp.9) g * L3 =>12 + g * eq.A.X’00’
L4: HALT

Auxiliary Register Equations kkksksskokskkokskskskskokskokokokskskskokkokokokkkkokk

(3 =>’s are produced whenever a register’s value is set)
(6 =>’s for a LEFT that sets 2 registers)

L1: SET B X’00°

(imp.10) set.B.L1 => 0 * 1
(imp.11) set.B.L1 => q.minus.1 * L1
(imp.12) 0 * i => set.B.L1 + q.minus.1 * i - gq.minus.1 * L1

L2: LEFT B A

(imp.13) set.B.L2 => 2566 * B + char.A

(imp.14) set.B.L2 => q.minus.1 * L2

(imp.15) 256 * B + char.A => set.B.L2 + g.minus.1 * i -
q.minus.1 * L2

(imp.16) set.A.L2 => shift.A

(imp.17) set.A.L2 => q.minus.1 * L2

(imp.18) shift.A => set.A.L2 + gq.minus.1 * i - q.minus.1 *
L2

L3: NEQ A X’00° L2

L4: HALT
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Main Register Equations sikskikskkskkokskkokkkokkkodokkodokkoskokokkokkokok ko ok
Register A ... e
(imp.19) A => g.minus.1 * i

(eq.9) A + output.A * g ** time = input.A + q * set.A.L2
+ q * dont.set.A

(eq.10) set.A = L2

(imp.20) dont.set.A => A

(imp.21) dont.set.A => g.minus.1 * i - q.minus.l * set.A
(imp.22) A => dont.set.A + q.minus.1 * set.A

(imp.23) 256 * shift.A => A

(imp.24) 256 * shift.A => g.minus.1 * i - 255 * i
(imp.25) A => 256 * shift.A + 255 * i

(eq.11) A = 256 * shift.A + char.A

Register B ... . e e
(imp.26) B => g.minus.1 * i

(eq.12) B + output.B * q ** time = input.B + q * set.B.L1
+ q * set.B.L2 + q * dont.set.B

(eq.13) set.B = L1 + L2
(imp.27) dont.set.B => B
(imp.28) dont.set.B => g.minus.1 * i - q.minus.1 * set.B

(imp.29) B => dont.set.B + q.minus.1 * set.B

Equations for Compares s skkkskskokskskskkskskokokskskkokskskokokoksfokokokskokokokkkokokokkok
Compare A X’007 ... e
Note: X’00’ is O

(imp.30) ge.A.X°00° => i

(imp.31) 256 * ge.A.X’00’ => 256 * i + char.A - 0 * i
(imp.32) 2566 * i + char.A - 0 * i => 256 * ge.A.X’00’ + 255
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(imp.33)
(imp.34)
(imp.35)

(imp.36)
(imp.37)
(imp.38)
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ge.X’00’.A => i

256 * ge.X’00’.A => 256 * i + O * 1 - char.A

256 * i + 0 * i - char.A => 256 * ge.X’00’.A + 255
* i

eq.A.X’00° => i
2 * eq.A.X’00° => ge.A.X’00’ + ge.X’00’.A
ge.A.X’00’ + ge.X’00’.A => 2 * eq.A.X’00’ + i

Summary Information kkskkskskkskskskskokkskokkskokkskokkokkkokkokokkokkkokkokdokok Kok ok

Number of labels in program..... 4
Number of registers in program.. 2
Number of equations generated... 13
Number of =>’s generated........ 38
Number of auxiliary variables... 23

Equations

added to expand =>’s.. 266 (7 per =>)

Variables added to expand =>’s.. 342 (9 per =>)

Characters in left-hand side.... 8534
Characters in right-hand side... 7418

Register variables:

AB

Label variables:

L1 L2 L3 L4

Auxiliary variables:

char.A dont.set.A dont.set.B eq.A.X’00’ ge.A.X’00’°
ge.X’00’.A i input.A input.B longest.label
number.of.instructions output.A output.B q
q.minus.1 set.A set.A.L2 set.B set.B.L1 set.B.L2
shift.A time total.input
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Variables added to expand =>’s:
rl sl t1 ul vl wl x1 y1 z1 ... z38

Elapsed time is 9.485622 seconds.

2.7 A Complete Example of Arithmetiza-
tion: Expansion of =’s

total.input = input.A + input.B
total.input = input.A+input.B
number.of.instructions = 4
number.of.instructions = 4
longest.label = 2
longest.label = 2
q = 256 **x ( total.input + time + number.of.instructions + lon
gest.label + 3 )
q = 256%*(total.input+time+number.of.instructions+longe
st.label+3)
g.minus.1 + 1 =q
gq.minus.1+1 = q
1+q9g*1=1+q ** time
1+g*i = i+g**time

L1 => i
rl = L1
sl =1
tl = 2%x*sl

(1+t1)**xs1 = vixtl*x*x(ri1+1) + ul*tl*x*xrl + wil
wl+xl+1l = tl*x*xril
ul+yl+l = t1

ul = 2%xz1+ 1
L2 => i

r2 = L2

s2 =1

t2 = 2%*s2

(1+t£2) **52 = v2+t24x (r2+1) + u2*t2**r2 + w2
w2+x2+1 = t2%*r2

u2+y2+1 = t2

u2 = 2%z2+ 1
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L3 => 1

L4 => i
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r3 = L3
s3 =1
t3 = 2%*g3

(1+t3) **s3 = v3*t3**(r3+1) + uld*t3**xr3 + w3

w3+x3+1 = t3**r3
u3+y3+1 = t3

u3 = 2%z3+ 1

rd = L4

s4 = i

t4 = 2%*xs4

(1+t4) **s4 = va*xtd*x(rd+1) + ud*td**xrd + wi
wi+x4+1 = tdxxr4d

ud+y4+1 = t4

ud = 2*z4+ 1

+ L2 + L3 + L4

i = L1+L2+L3+L4

1 =>11

r5 =1
sb = L1
t5 = 2%x%gb

(1+t5)*xs5 = vb*xtb*x*(rb+1) + ubxtb5x*r5 + wb
wb+x5+1 = tb**r5

ub+yb5+1 = tb

ub = 2xz5+ 1

q ** time = q * L4

q * L1

q * L