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Notation

Number of occurrences, not-aligned and aligned,

lwl, = W{i:w[i...i+|ul—1]=u},
wl, = Ki:w[i...i+u/—1=wvandi=1 mod |ul}|
For example, |aaaaal,, = 4 and |aaaaal.. = 2.

Notice that the definition of aligned occurrences has the condition
i=1 mod |u| instead of i =0 mod |ul, because the positions are
numbered starting at 1.

When a word u is just a symbol, |w|, and |w|, coincide.
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Counting aligned occurrences

Aligned occurrences of a word of length r over alphabet A coincide with
occurrences of the corresponding symbol over alphabet A".

Consider alphabet A, a length r and alphabet B with |A]" symbols.
The set of words of length r over alphabet A and the set B are
isomorphic:

m:A"— B

induced by the lexicographic order in the respective sets.

Thus, for any w € A* such that |w| is a multiple of r,

m(w)| = [wl/r.

Then,
VueA (Jwly = m(w)lxw))-
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Representation of real numbers

A base is an integer greater than or equal to 2. For a positive real
number x, the expansion of x in base b is a sequence a;aasz ... of
integers from {0,1,...,b— 1} such that

x=|x]+ Z ab™k = |x] 4+ 0.a1a0a3 ...
k>1

To have a unique representation of all rational numbers we require that
expansions do not end with a tail of b — 1.

We will abuse notation and whenever the base b is understood we will
denote the first n digits in the expansion of x with x[1...n].
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Definition of normality

Definition 1 (Strong aligned normality, Borel 1909)

A real number x is simply normal to base b if, in the expansion of x in
base b, each digit d occurs with limiting frequency equal to 1/b,

im Ix[1...n]|s _ 1
n—oo n b

A real number x is normal to base b if each of the reals x, bx, b°x, . ..
are simply normal to bases b', b2, b3, .. ..

A real x is absolutely normal if x is normal to every integer base greater
than or equal to 2.
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Equivalences between combinatorial definitions of normality

A real number x is simply normal to base b if, in the expansion of x in
base b, each digit d occurs with limiting frequency equal to 1/b.

Borel's original definition of normality turned out to be redundant.

Definition (Strong aligned normality, Borel 1909)

A real number x is normal to base b if each of the reals x, bx, b°x, . ..
are simply normal to bases b, b, b3, . ..

Definition (Aligned normality, Pillai 1940)

A real number x is normal to base b if x is simply normal to
bases bl, b2, b3, . . ..

Definition (Non-aligned normality, Borel first: Niven and Zuckerman 1951)
A real number x is normal to base b if for every block u,

) x|l...n 1

L ll

n—o0 n b\u\ ’
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A central limit theorem: there are a few bad words

Let A be an alphabet of b symbols, let k be a positive integer and let ¢
be a real number between 0 and 1.

We define the set of words of length k such that a given word w has a

number of occurrences that differs from the expected in plus or minus €k,
> Ek}

Example: For A={0,1} , k=4,e=1/4, w=11,

we have fr = £ =1, ek =1.

Bad(A, k,w,e) = {1111} the set of words with 3 occurences of w:

For A={0,1} , k=4,c=1/4w =1, we have 755 = 5 =2, ek =1,
Bad(A, k,w,e) = the set of words with 4,0 occurences of w:

IV]w —

Bad(A, k,w,e) = {v e Ak

k
blwl

{1111, 0000}
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There are a few bad words

Lemma 1 (Adapted from Hardy and Wright's book, Theorem 148)

Let b be an integer such that b > 2 and let k be a positive integer.
If6/k < e <1/b then for every symbol d in A,

|Bad(A, k,d, )| < 4e=b="k/0pk,

This lemma is known in many different variants, such as Bernstein's
inequality where the is no constraint on €.
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Proof of Lemma 1

Observe that for any symbol d in A, the number of words of lengh k
having exactly n occurrences of a given digit d is :

(o
Then,

Bad(A,k,d,e) = 3 (i)(b——l)k‘"+- 3 (i)(b__])k_n

n<k/b—ek n>k/b+ek
Fix b and k and write N(n) for (ﬁ)(b — 1)k,

For all n < k/b, N(n) < N(n+ 1) and these quotients increase

as n increases,
N(n)  (n+1)(b—1)
N(n+1) k —n
Similarly, for all n > k/b, N(n) < N(n— 1) and these quotients increase
as n decreases,

N(n)  k—n+1

N(n—1) n(b—1)
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We will “shift” m positions each of the sums for |Bad(A, k, d, €)|.
We bound the first sum as follows. Let
m = |ek/2| and p= |k/b— k]|
For any n we can write
N(n) = N(n) N(n+1) N(n+m—1)
" N(n+1) N(n+2) 77 N(n+m)
For each n such that n < p+ m — 1 we have that n+ m < k/b, so,
Ny _ Nptm-1) _(ptm)b-1)

- N(n+ m)

N(n+1) — N(p + m) k—p—m+1
(k/b—ek/2)(b — 1) eb/2
< =1-
k—k/b+ck/2 1-1/b+¢/2
< 1—eb/2 (using the hypothesis ¢ < 1/b).
< efbs/Z.
Then,
N(n) < (e_bE/Q)m N(n+ m)
efbe(ak/271)/2 N(n+m)
< 2e7 "4 N(n+m),  (the hypothesis ¢ < 1/b implies e*/? < 2)
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We obtain,

ST N(n) < 267K N N(n+ m) < e PR bR,

n<p n<p
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We now bound the second sum. Let
m = |ek/2] and q = [k/b+ ek].
For any n we can write

~ N(n)  N(n-1) N(n—m+1)
N = Ne—D) Nm=2) " Ny N m)

For each n such that n > g — m+ 1 we have n— m > k/b, so,
N(n) < N(g—m+1) k—qg+m

N(n—1) = N(g-m)  (g-m+1)(b-1)
k —[k/b+ck]| + |ek/2]

([k/b+ek] — |ek/2] +1)(b—1)
k—k/b—ck/2

(k/b+cek/24+1)(b—1)

1-1/b—¢/2
(I/b+¢/2)(b—1)
1—be/3, using e < 1/b.

IN

IA
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We conclude,

N(n) —b
— = < 1-be/3<e b
N(n—1) = e/3<e
Then
N(n) < (e*b€/3) N(n — m)
< e—bsl_ak/QJ/3N( )
< efbe(sk/2 1)/3N( m)
< 2eb KION(n — m), (the hypothesis ¢ < 1/b implies /3 < 2]
Thus,

S N(n) < 4 brembK

n>q

This completes the proof.[]
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There are a few bad words

Lemma 2

Let A be an alphabet of b symbols. Let k,{ be positive integers and € a
real such that 6/ k/¢] <& < 1/b*. Then,

| Bad(A k,w,cl)| < 4t b et/ Dk,
wEA?
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Proof of Lemma 2

Split the set {0,1,2,..., k — 1} into the congruence classes modulo /.
Each of these classes contains either | k/¢| or [k/{] elements.

Let My denote the class of all indices which leave remainder zero when
being reduced modulo £. Let ng = |Mp|.

For each x in AX consider the word in (A?)™

X[ .. (h+€—=Dx[i2...(+€—=1)]...X[iny---(in, + £ —1)]

for iy, ... ino € M.
By Lemma 1,

|Bad(A£, no, W75)| < 4 (bé)noefbeezno/q

Clearly, similar estimates hold for the indices in the other residue classes.
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Let ni,...,n¢—1 denote the cardinalities of these other residue classes.
By assumption ng + - - -+ ng_1 = k. Then,

-1

Z )Bad(AZ,nj, w,€)

Jj=0

-1
24(be)njefb‘sznj/6
Jj=0

-1
‘ ’
< Z4(b€)k/f+le—b SCk/(60) _ 4 g pktt o= 7k/(60)
=0

|Bad(A, k, w,el)|

IN

IN

The last inequality holds because

(bl) Tk/€] e—b‘st [k/€]/6 < (bz)k/eﬂe—b@s%/(ez)

and € < 1/b° ensures

(bi)Lk/ZJefbﬁ'asz/éjm < bkefb['ezk/(w).
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Now, summing up over all w € A® we obtain

J Bad(A, k,w,c0)| < 4¢ pkt2t g=b"?k/(60)

weA?
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Theorem 3

Almost all sequences are normal.
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Proof of Theorem 3

Fix alphabet A. By definition, a sequence x is normal if for every word w
and for every ¢ there is k such that for every k > k,
x[1...k] & Bad(A, k,w,¢).
Thus, if x is not normal there is £g and there is a word w such that for
every k there is k > k such that x[1... k] € Bad(A, k, w, ).
We will show that these Bad sets have very few words. By the following
properties of the Bad sets

> If § > e then Bad(A, k,w,d) C Bad(A, k,w,e).

» If z is prefix of w then Bad(A, k,w,e) C Bad(A, k, z,¢).
we can take decreasing values of ¢ and shorter witnesses z and show that
Bad sets are small enough.
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Consider ¢ a decreasing function of k going to zero; such as, ¢ = 1/v/k.
Consider ¢ an increasing function of k, unbounded; such as, ¢ = |log k|.
Since

[log k|

() &
| Bad(A k,w,(log k)/VK)| <b* S aeb? &" (%) 4
weEAS Llog k] (=1
<bke_‘/;, for k large enough

Then, there is kg such that

SIbF |J  Bad(A k w, (log k)/Vk)

k>ko weAS Liog k]

is as small as we want.
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The proportion of sequences that have an initial segment in some of the
Bad sets shrinkes as much as we want when kg increases.

This means that almost all sequences haver their initial segments outside
of the Bad sets. This proves the theorem. [
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A little trick

Lemma 4
Let (X1,n)n>0, (X2,n)n>0, - - - » (Xk,n)n>0 be sequences of real numbers such
that ZLI Xi.n =1 and let ci, ¢, ..., cx be real numbers such that

S ¢ =1. Then,

1. Iffor each i, liminf,_ o Xj » > ¢; then for each i, lim,_so0 Xj n = C;.

2. If for each i, limsup,_, o Xi n < ¢; then for each i, lim,_oc Xj n = C;.

\X[l

We will aply this for k = b’ x,; = "l for =12 bt

bt \X[l "]|w _
Notar que Y2, =1
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Proof of Lemma 4
For any i in {1,..., k},

limsup x; » = limsup(1 — ZXJ,,)

n— n— ..
o o J#i
=1+ limsup(— E Xj.n)
n—o0 ..
JF#
=1—liminf X;
minf(3 %)
J#i
<1- E liminfx; ,
— n—oo
J#
<1- E G =¢.
J#i
Since
limsupx; , < ¢; <liminfx;,, and liminf <limsup
n— o0 n—o0
necessarily,
liminfx; , =limsup = ¢; and |lim x; , = ¢;. O
n—oo
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Theorem 5 (Piatetski-Shapiro 1957)

Let x be a real and let b be an integer greater than or equal to 2.
Let A={0,...,b—1}. The following conditions are equivalent,

1. The real x is normal to base b.

2. There is a constant C such that for infinitely many lengths £ and for
every w in A

lim sup <C-b"

Ix[1...n]|w
n—o00 n
3. There is a constant C such that for infinitely many lengths ¢ and for

every w in A

lim SUPM <C-b'.

n— o0
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Proof of Theorem 5

We prove 2 = 1.
Suppose C such that for infinitely many lengths ¢ and for every w € A’,

|x[1...n]|w

lim sup <C-b".

n—oo

Let ¢ be one of those infinitely many lengths. Fix ¢ < 1/b’. Fix w € A”.
Let k be large enough so that |Bad(A, k, w, )| < bke.
Observe that for every w € A*, for every n and k,

1

WZ* v w-
ALl > g 3 bkl
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liminf
n—oo

|x[1...nk]|w

nk

Y

v

Y

Y]

\Y

\Y

\Y

. 1 |x[1...nkK]|,
lim inf 1 > M
veAk

1 |x[1... K]l
i} 3 bl

nk

vEAK
. Ix[1...nk|, |V]w
minf 2 T

ve
I [x[1...nkl, |v|w
| X2 DRy [Viw
minf D, w ok

vEAK\ Bad(A,k,w,e)

¢ |x[1...nk|,
A= liminf D T

vEAK\ Bad(A,k,w,e)

o\l _ Ix[1...nk|,
(1—¢)b™" liminf |1 Z e

n—s o0
vEBad(A,k,w,e)

AT P . [x[1...nk]|.
(1-e)b 1 Z lim sup B —

vEBad(A,k,w,e) n—r0o

(1-ep* [1- > c-b*

vEBad(A,k,w,e)

(1 —e)b Y13 Ce).



The previous inequality hods for every positive € < 1/b¢, hence,

lim inf Ix[1...nk|w
n—o0 n

> pt.

Finally, this last inequality is true for every w € A’, so by Lemma 4

lim M —p—t.
n—o0 n
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Theorem 6

The three definitions of normality are equivalent.
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Proof of Theorem 6

1. We show that Strong aligned normality implies Non-aligned normality.
Idea : for any w € At

(-1 ]
X[1.. ol =D (B 0= ]|
i=0

By Strong aligned normality, for i = 1,2, ..., for every w, writing { = |w|,
bix)[L...¢n]|w . : bix)[L...n]|w
lim —H( Xl | =p* equivalently lim —”( il | =bp*
n— o0 n n— 00 n/ﬁ
L. .on]|w
equivalently lim IR - - Al =b )t
n—oo n
Then,
/—1 ; . £—1
) | X)L =il b=t e
T 2 fm, ; D
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2. We prove that Non-aligned normality implies Aligned normality.
We first define, for any w € AY, r=0,..,0—1,

e = {7+ x[iei + ] = 10i mod |w| = r}
Plhere = max{xlu., : r = 1,...0}

Idea: for any large enough K
N—K+1

L...N]w K)lw,«
I Hlw < 2= |+1 Z X[t e+ K)lw,

< 1..N Wk
T 3 LM

Bad(A, k,w,e) = {v € A ||v]w. — b~ ‘k/t| > ck/t}
With an argument similar to the proof of Lemma 2 we obtain that for
each ¢ there is kg such that for every k > ko,

|Bad(A, k, w,e)| < eb

Assume the previous proof ( non -aligned implies aligned).
|x[1...n]|w — pt

n
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Fix £ and w € A Fix . Let k be large enough so that
Bad = Bad(A, kf, w, ) has cardinality less than eb*.

1...n0|w R R
Ii;n_}supu < Ilrr;rl}supfkéiéJrl Z Ix[t...t+ k€)|w
=limsu x[1...nl]|, |v]w.«
msup o 3 ot 1l
~"€]|v> [viw,s
< limsu ’
V;g < Hoop n k—1
_ —kelvlw,
- Z b k—1
vEAKL
_ pke [v]w,« pke [v]w,«
PR D DI Ry
vEAKE\ Bad veBad
kib=t + ekt ke
< pkt p—kt ke p—ke '
<b*b k1) +eb™b k=1

k k
—pt(1 ¢
b=( +£b)7k_l+ek_1
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We obtained

el L, ok k
! XL PPt ety S
v n sb(+eb)i g +e

This inequality holds for every € and every k large enough, we have

IX[1...n€]]
n

lim sup < bt

n— o0
Since this holds for every w € A?, by Lemma 4,

o XLl

n— o0 n

=bt.
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3. We prove that Aligned normality implies Strong aligned normality.
It is sufficient to prove that if x has aligned normality then bx also has
aligned normality. Define

Ulk,w,i)={ue€ A" : uli...i+|w|—1]=w}

Fix a positive integer £. For any w € A’ and for any positive integer r,

r—2
fiminf 1Ll el Y Y [X[L..-nrf]y
n—o00 nr n—oo k=0 ueU(rtm2+LK) n

r—2
1
SISy e
r k=0 ueU(lr,w,2+0k)
_ r—lb_g
; .

For every r the following equality holds:

O [ PO P [ -9 SO |

n— o0 n n—o0 nr
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Then, using the inequality obtained above we have,

[ nf  r—1

lim inf bt
n—o00 n r

Since this last inequality holds for evey r, we obtain,

iming 16Ol

n—00 n

> pt.

Finally, this last inequality is true for every w € A, hence by Lemma 4,

ol

n—oco n

=b "
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