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COMPLETELY UNIFORMLY DISTRIBUTED SEQUENCES
BASED ON DE BRUIJN SEQUENCES

EMILIO ALMANSI AND VERONICA BECHER

ABSTRACT. We study a construction published by Donald Knuth in 1965 yield-
ing a completely uniformly distributed sequence of real numbers. Knuth’s work
is based on de Bruijn sequences of increasing orders and alphabet sizes, which
grow exponentially in each of the successive segments composing the gener-
ated sequence. In this work we present a similar, albeit simpler, construction
using linearly increasing alphabet sizes, and we give an elementary proof show-
ing that the generated sequence is also completely uniformly distributed. In
addition, we present an alternative proof of the same result based on Weyl’s
criterion.

1. INTRODUCTION

Let (Z;);>1 be an infinite sequence of k-dimensional vectors of real numbers. For
a given set I C [0,1)*, we denote by A(Z1,...,Zx;I) the number of indexes i in
[1, N] such that z; lies in I. A sequence (Z;);>1 of k-dimensional vectors in the unit
cube is uniformly distributed if for every set I included in [0, 1)*,

N _
ngnoo NA(xl,...,xN;I) = ‘I|,

where |I| is the measure of I.
For the theory of uniform distribution see the monograph of Kuipers and Nieder-

reiter [15]. Starting with a sequence (z;);>1 of real numbers in the unit inter-
~(k)
z

val, we define for every integer k > 1 the k-dimensional sequence (Z;

Egk) = (%4, ..., Titk—1) for i > 1. The sequence (z;);>1 is said to be completely
uniformly distributed if for every integer k > 1, the sequence (:E(k))izl is uniformly
distributed in the k-dimensional unit cube.

If a sequence is completely uniformly distributed, then it also satisfies many other
statistical properties common to all random sequences; see the work of Franklin 5.
For example, for every fixed integer k, the probability of k£ consecutive terms having
any specific relative order is 1/k!.

The first reference to the concept of complete uniform distribution is the work of
Korobov in 1948 [8|[12}{14], where he proves that the sequence (fo(n) mod 1),>;

with

)i>1 where

fa(2) =) e ™ 2F, with a € (1,3)

k>1
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is completely uniformly distributed. Since then, there have been many constructions
of completely uniformly distributed sequences; see [15/[19}[21] and the references
cited there. In [16] Levin gives a lower bound of decay of discrepancy of completely
uniformly distributed sequences and gives constructions, using nets obtained with
Sobol matrices and using Halton sequences, which achieve this low discrepancy
bound.

Independently of the school of Korobov, in 1965 Knuth [7] gives a construction
of a completely uniformly distributed sequence (z;);>1 of real numbers based on de
Bruijn sequences of increasing orders and alphabet sizes. In each of the successive
segments composing the sequence, the alphabet sizes of the underlying de Bruijn se-
quences increase exponentially. Knuth gives an elementary proof that the sequence
(x;)i>1 is completely uniformly distributed by reasoning about the binary repre-
sentation of the rational numbers z;. These binary representations are immediate
because the alphabet size is always a power of 2.

In the present work we give a similar, albeit simpler, construction than the one
given by Knuth in [7] while preserving the property of complete uniform distribu-
tion. Our construction is based on de Bruijn sequences of linearly increasing orders
and linearly increasing alphabet sizes. The argument used by Knuth to prove that
his sequence is completely uniformly distributed does not hold in our case. We
give two proofs: one is elementary, and the other is based on Weyl’s criterion. The
construction and the proofs we present here can be generalized in a straightforward
manner to other growths of alphabet sizes. A first version of this work appears
in [1].

It may be possible to construct completely uniformly distributed sequences with
low discrepancy by using variants of de Bruijn sequences such as those considered
by Becher and Carton in [2| (nested perfect necklaces). In that work, they show
that the binary expansion of the real number defined by Levin in [17] using Pascal
matrices is indeed the concatenation of such variants of de Bruijn sequences.

We finish this section with a short presentation of de Bruijn sequences. In
Section[2lwe present Knuth’s sequence, and we devote Section[3lto our construction.

As usual we write N, Z, R, C to denote the sets of positive integers, integers, real
numbers, and complex numbers, respectively.

1.1. de Bruijn sequences. A b-ary de Bruijn sequence of order k is a sequence
of length b* which, when viewed as a cycle, contains every possible b-ary sequence
of length k exactly once as a contiguous subsequence. For example, listed next are
two distinct binary de Bruijn sequences of order 3:

0,0,0,1,0,1,1,1;
0,0,0,1,1,1,0,1.

Every binary sequence of length 3 appears exactly once as a contiguous subsequence
in each example. This includes those instances such as 1,0,0 which wrap around
the right-hand end of the sequences.

Each b-ary de Bruijn sequence of order k is the label of a Hamiltonian cycle in the
directed graph Gy = (V, E), where V is the set of all b-ary sequences of length k
and F = {(u,v) : v = ay,...,ak, v = ag,...,a,¢, cin {0,...,b—1}}. Due
to good properties of de Bruijn graphs, each b-ary de Bruijn sequence of order k
can also be identified with the label of an Eulerian cycle in Gy ,—1. By the BEST

bk—l

theorem there are exactly (b!)>  /b* different b-ary de Bruijn sequences of order k.
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A b-ary Ford sequence of order k, denoted by F(*) is the lexicographically least
b-ary de Bruijn sequence of order k. In the example above, the first sequence is the
binary Ford sequence of order 3, or F(33) = 0,0,0,1,0,1,1,1. In [6], Fredricksen
and Maiorana introduce an algorithm for generating the b-ary Ford sequence of
order k, which has constant amortized running time; see [20].

The name de Bruijn sequence came after the work of the Dutch mathemati-
cian N. G. de Bruijn [4]. A historical background can be read from [3]. Korobov
made significant contributions in this area and constructed uniformly distributed
sequences based on de Bruijn sequences [9H11].

2. KNUTH’S SEQUENCE

We follow Knuth’s presentation in [7]. Knuth’s sequence can be defined from
any given family of de Bruijn sequences. Here, we use Ford sequences because they
are conveniently defined and because they can be efficiently generated.

Definition. Given n in N, let F@") = £ .. fon2 denote the 2™-ary Ford se-
quence of order n. An A-sequence of order n, denoted by A, is the finite sequence
of rational numbers obtained by dividing every term in F(Z"") by 27

g N o fe  (fi
gngn v gn T \n )

e

A B-sequence of order n, denoted by B is the sequence obtained from the
concatenation of n22" copies of A™):

B — <A(”);A(”); 5 .;A(”)>.

n22n times
By construction, the size of A™ is
A = P& = 27
and the size of B(") is
IB™| = n22n| AM| = p22non”
Notice that, for any given n, all terms in A and in B(™ are numbers in the set

{0, 2%, 2%, . 27;;1 C [0,1). For example, when n = 2,

F*2 =0,0,1,0,2,0,3,1,1,2,1,3,2,2,3, 3,

40010203 112132233

11
00 33 00 33

B®={A®@, AV =2 = o2 2
< ) ) \4747 7474J7 7\4:747 7474:1’

32 times ~ o~

and |A®| = 16, |B®)| = 512.

Definition. Knuth’s sequence, denoted by K, is the infinite sequence of rational
numbers resulting from the concatenation of the sequences B for n =1,2,...:

K= <B<1>;B<2>;B<3>; . >
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2540 EMILIO ALMANSI AND VERONICA BECHER

Theorem (Knuth 1965, |7 page 268]). The sequence K is completely uniformly
distributed.

Knuth provides an elementary proof of this theorem. Two choices play an im-
portant role in his proof. One is that the number of repetitions of each A-sequence
within a B-sequence is n2%". To ensure complete uniform distribution it is sufficient
that the number of repetitions of each A-sequence within a B-sequence grows faster
than 22", For instance, [logn]2%" suffices.

The other choice in Knuth’s construction is that the alphabet sizes of the Ford
sequences grow exponentially as 2. This allows us to reason about the rational
numbers comprised in the sequence K in terms of their binary representations.
Knuth considers the distribution of the m most-significant bits of each of the terms
in a 2"-ary Ford sequence, where m < n, see 7| Lemma 2.

3. MAIN RESULT

We now present the main contribution of this work, which is a variant of Knuth’s
construction based on Ford sequences with linearly increasing alphabet sizes.

Definition. Given n in N and a function ¢ : N +— N, let F("™) = £, .. f,» denote
an n-ary Ford sequence of order n. A C-sequence of order n, denoted by C™, is
the finite sequence of rational numbers obtained by dividing each of the terms in

Fn) by n:
ow St 2 fan (i)
1=1,..,n"

n’n’ n n/)._

and a D-sequence of order n, denoted by D™ is the sequence obtained from the
concatenation of ¢(n) consecutive copies of C'(™):

D) = <c<n>; cm; . c<n>> .

-~

t(n) times
The size of C(™) is
|C™| = [P = nn,
and the size of D) ig
|ID™D| = t(n)|C™| = t(n)n™.

n,t)

For any given n, all terms in C(™) and D("*) are numbers in the set {0, %, %7 e ”T_l

C [0,1). The key difference between the way C-sequences are constructed when
compared to A-sequences from the previous section is that, as the order of the
sequence grows, the alphabet size for the underlying Ford sequence grows linearly
(1,2,3,4,...) rather than exponentially (2,4, 8,16,...). For example, when n = 3
and t(n) = n:

FG3) =0,0,0,1,0,0,2,0,1,1,0,1,2,0,2,1,0,2,2,1,1,1,2,1,2,2, 2,
2

0(3):_7_7_7_7_7_7_7_7_7_7_7_7_7_7_7_7_7_7_7_7_7_7_7_7_7_7_7
33333333 3333333333333333333
00 2200 2200 2 2
D(3’Zd):<C(3)-C(3)-C’(3)>:—— e e e e e
b ) 3737 7373’§73’ 7373/7\3737 737347
C(3) C‘(,?*) C‘(,?*)

and |[C®)| = 27, |IDG#)| = 81.
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Definition. Given ¢t : N — N, the sequence L") is the infinite sequence of real
numbers obtained from the concatenation of the sequences D" for n =1,2,...:

L® = (D0, p0; pe; Y,

Theorem 1. Ift : N — N is a nondecreasing function and lim,_, ., n/t(n) =0,
then the sequence L™ is completely uniformly distributed.

Example. If t(n) = sq(n) = n?, then

L) = <C(1); c@, . ..c®.cC. 0B .. > ,
4 c:);ies 9 C;;ies
and LG9 is completely uniformly distributed.

3.1. Proof of Theorem 1. Within the current section, let ¢ : N +— N be an
arbitrary but fixed function. For convenience we write D™ and L in place of
Dt and L), Consider a prefix of L of length N, denoted by Lq.n. Let p, ¢, r be
the integers determined by N such that

Luv:<D“%~+D“”%C“%.4cwxﬁ2>,
| — :

q times

where 0 < ¢ < t(r) and 1 < p < r". Here, r is the order of the rightmost, possibly
incomplete D-sequence present in Li.x. The number ¢ is the amount of complete
C-sequences of order r appearing before the rightmost, possibly incomplete C-
sequence, while p is the amount of terms in it. Thus,

r—1 r—1
(1) N =YD +q/CD| +p="t(s)s* +ar" +p.
s=1 s=1

Let k be a positive integer, and let I = [uy,v1) X -+ X [ug, vg) be a set such that
I Cjo, 1)*. Let N range freely over the natural numbers, and let the quantity vy
denote the number of windows of L of size k starting at indices ¢ = 1,..., N that
belong to the set I:

UN :.A(’lf)l,...,’lf)N;I),

where w; = (L;,...,Liyg—1) fori=1,...,N.

Consider sufficiently large values of N such that k < r. This is always possible
since r is an unbounded, nondecreasing function of N. We can decompose Li.n
into four consecutive sections; namely, sequences S(1), §2) SG) and S®:

Li.ny = <5(1); SIRRCICF 5(4)> , where
s — <D(1); D(Q); ... ;D(k_1)> ,
S — <D(k); D(k+l); celd D(T_1)> ,

S® =(cW.  ,cn),
—_— —

q times

SW =cofn).
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Notice that S(*) and S®) can potentially be empty, such as when k = 1 or ¢ = 0,
respectively.

We denote the cumulative sums of the sizes of the sequences defined above as
ng =0, and n; = nj_1 + |S(j)| for j =1,2,3,4. Now, we can similarly decompose
vy into five parts. If we let

'll_)i = (Lia---aLH—k—l)
fori=1...N, then

(1)

VN =VyN' F 1/(2)

(3) (4)

+vy’ + vy’ + ey, where

VN = A(w1+n . 7U_)nj—k+1§j)

for some ¢, < 3(k —1).

For each j = 1,2, 3,4, the quantity 1/](\?) accounts for windows contained entirely
within the sequence S, and e, accounts for all windows crossing any of the three
borders between the four sections. This is enough to account for all possible win-
dows, since any given window is either entirely contained in some section or it starts
at a given section and ends at a subsequent one, thereby crossing a border.

() .

We can rewrite the value of each vy’ in terms of windows over each sequence S @,

If we let

S0 _ (59, 89, )

forj =1,2,3,4andi=1,...,|SY| -k +1, then

G — gz 50
(2) vy = A(517, S5 |~ k+1vI)
Before obtaining more precise expressions for these quantities, we state the fol-
lowing three technical propositions.

Proposition 2. If n is in N and z,y are in R such that [x,y) C [0,n), then
the number of integers from the set {0,1,...,n — 1} contained in [x,y) is equal to
y—x+¢€ for some e in (—1,1).

Proof. Since 0 < y, there are exactly [y] = y + ¢, nonnegative integers in the
set [0,y) for some ¢, in [0,1). Similarly for z, there are exactly [z| = = + &,
nonnegative integers in the set [0, ) for some ¢, in [0,1). The difference between
these two quantities is equal to the number of nonnegative integers contained in
the set [z,y), which is y — 2 + (¢, — €;). Observing that (¢, — ;) in (—1,1) and
that all nonnegative integers between x and y belong to the set {0,1,...,n — 1},
the proof is complete.

Proposition 3. Ifk is a positive integer and ay, as, . ..,a; and by, ba, ..., by are two
sequences of real numbers of length k, then the product of their element-by-element
sums can be expressed as follows:

2k 1 _J |y
JICEDE 1085 vl |1 VR PR i 1
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Proof. By induction on k. First, notice that the property holds for k = 1:

Had+bd:a1+b1 and
d=1

aq L%J is even B
H aq + Z] 1 {H { bq ” otherwise H = a1+ b

Next, we see that the inductive step holds for any k. First,

k+1 k
T @+ ba = (aks1 + brsr) [ ] @a + ba, and by 1. H.
d=1 d=1
_ 28 -1 aq dej—_lj is even
= (ar+1 + bit1) [H ad + Zg 1 {H { bg otherwise
k+1

21 aq L%J is even
H Gd + ak“Z {H { by ’ otherwise H
a L ]is even
+ b1 H aq + kaZ {H { b;l 7 o‘gherwise H '

Since for every j = 1,...,2¥ — 1 the value bj—kj = 0 and is therefore even, we
can add the factor ax4;1 to the product in the second term simply by raising the
upper limit to k4 1. Similarly, in the fourth term we can add the factor bx41 to the
product by raising the upper limit to £ + 1 and changing the limits in the sum to
j=(2F+1)...(2F + 2% —1). This is true because adding 2" to j does not change
the value of |5+ | for any d < k, but when d = k + 1 the value || =1 and is
therefore odd. The third term can be rewritten as a similar product for a value of

j = 2%, and by substituting it into the equation above,

k+1 k+1

2k 1 Bl [ ag || is even
H aq +bqg = H aq + Z [Hd:1 { ba *" otherwise H
2’“ k+1 ( ay Ldj—,J is even
™ ijzk {H d=1 { bq : z)therwise
2k 42k 1 aq | i | is even
+ZJ 2k 41 {H { byg ’ otherwise H

k+1 k1 i .
2P -1 +1 [ ay bdj—,lj is even
o H ad + Z j=1 [Hdzl { by otherwise ’
which completes the proof. O

Proposition 4. Given n in N, the following holds:

n

Z ii_l < 2nn—1'

i=1

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



2544 EMILIO ALMANSI AND VERONICA BECHER

Proof. By induction on n. The property holds for n =1 and n = 2:

2
Zii—l <9 Zii_l <4
; i=1

and the inductive step holds for n > 2:

n+1 n
Z i = Zii_l +n+ D" <" 4 (n+ D" <2n+1)"
i=1 i=1
——
S 2nn71
by I. H.
Therefore, the property holds for all n in N. O

We now obtain an expression for the number of windows of a C-sequence which
are contained in the set I. This is useful for evaluating vy.

Lemma 5. Given a positive integer k and a set I = [uy,vy) X -+ X [ug, vg) where
I Clo, 1)*, let n in N such that k < n and consider the sequence C™) as a cyclic
sequence. If we let ¢; = (C’i(n), . ,C’i(gﬁ_l) fori=1,...,n", then the number of

windows of size k from the sequence C"™ that lie in I is
A(Er, ... Cun; I) = 0| I| +n" 128 — 1)e
for some ¢ in (—1,1).

Proof. First, notice that any given window is contained in the set I if and only if
the following is true:

G el u < CZ.(”) <

up < Q@H < Uk,

where ¢ = 1,...,n" and indices are taken modulo n™.

Since all terms in C™ are numbers in the set {0, %, ey ”T_l}, we multiply both
sides of each inequality by n, allowing us to reason about integers belonging to a
Ford sequence instead of rational numbers. We obtain the following:

¢ €l <— nu < Fi(n’n) < nup
(n,n)
nug < FiJrk_1 < NUg.

According to Proposition [2] for each inequality above with d = 1,...,k there are

exactly nvg — nug + €4 possible solutions in the set {0,1,...,n — 1} for some value
gq in (—1,1). This yields a total of
k
[[2(va = wa) + 4]
d=1

possible solutions to the system of inequalities. Each solution, when seen as an n-
ary sequence of length k, appears exactly n"~* times as a contiguous subsequence
in F(™™) This is true because there are n”~* ways of extending an n-ary sequence
of length k to one of length n and, by construction, each of these appears exactly
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once in F("™ when viewed as a cycle. Since i ranges exactly once over each possible

window of F("™)  then

k k
(3) A@r, ..., Cuni I) =n" " [[In(va — ua) + e = 0™ [ [[(va — ua) + £a/n).

Using Proposition [3] we can expand this into the following;:

(4)

k k
n" H[(vd —uq) +eq/n] =n" H(vd — Ugq)
d=1 d=1
2k -1 k (va —ug) | i ]is even
n 2d—1
+n Zj:l |:Hd—1 { gd/n otherwise '
If we define €’ for j = 1,...,2" —1as
AR & L (va —ug) | zi=]is even
ej/n= Hd:1 gq/n otherwise [’

then, for each 7, the value 6;- is in (—1,1). This is true because the product on the
right-hand side is composed of terms (vg — ugq) in (—1,1) and €4/n in (—1/n,1/n)
and, since j > 0, there is always at least one term of the second kind. Given that

k

1 = T (va — ua).

d=1

we can further simplify equation to get

k 2k —1
(5) nnH[(vd—ud)+ad/n] =n"|I| +n" Z ei/n.
d=1 Jj=1

k
Finally, since —(2F — 1) < 232.211 e < (2¥ — 1), there exist some ¢ in (—1,1) such
that
2k —1

/I k
E i 5= (2% — 1)e,
and hence, by (3) and (5],

A(Er, ... Gun; I) =n"|I| + n"~1(2F — 1)e.

We can now give the proof of our main result.
Proof of Theorem 1. Let k be a positive integer, and let I = [uy,v1) X+ -+ X [ug, vk )

be a set such that I C [0,1)*. Let N range freely over the natural numbers. We
now obtain an expression for vy /N and compute its limit when N — oc.
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Recall the following definitions:

2 (2 (2
V}V)_A(Sg )7 8|(S)(2)| k+17I)7
3 3 —(3
W = AGY, 5t s D

g2 — <D<k> D+, ..;D<"—1>>,

SG) = <C(r);...;C(r)>,
~——_— ——

q times

where

,(]) (S(J) ) Si(i)kfﬁ

for j =2,3 and i = 1,...,|S<J>|—k+1.

The sequences S and S4) are entirely composed of complete C-sequences of
increasing order which are larger than or equal to k. Moreover, with the exception
of the last, rightmost instance in each of S(® and S®), every single C-sequence is
immediately succeeded by another C-sequence of the same or the following order,
including those which are part of a D-sequence. Additionally, any window starting
at the right-hand end of a C-sequence necessarily finishes within the first £ — 1
elements of the following C-sequence, all of which are guaranteed to be 0.

Therefore, the amount of windows of size k contained in I ranging over S and
S3) is equal to the sum over each composing C-sequence viewed as a cycle, with
an error of at most k — 1 due to the fact that we are counting only windows entirely
contained within each sequence. If we let

= )

z+k 1
fors=k,...,randi=1,...,s° then

VD=3 [t(s)A(a§S>,..., &, I)] t+e,0,

S= N~

C-sequences contained in D)
(3) =(r) (r)
vy = qA(C - 6 ) e e

for some values € @ < k—1, and e @ < k — 1. From Lemma [5]
N N

r—1
V](\?) = Z [t(s) (s*|I] + s57L(2kF — Des)] + £,
s=k

v =g (I + 2 - e, + €,
for some values of ¢; in (—1,1), i = k,...,r. Substituting back into vy from

equation (2),
(1)

+ z_: [t(s) (s°|T) + s°~1(2% — 1)e.)] + €@

q (I + 2R = Der) e,

()+€b’
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and factoring out terms multiplied by |I|, we get

r—1
vy = || [Z t(s)s® +qr"
s=k

+ 1/](\})

r—1
+ Zk [t(s)° 71 (2" = D)es] + e,

+ qu_l(Qk — 1)8T + €,
N

+ V](\;L) + &p.

We now rewrite the first term using the relationship between p, r, ¢, and N from
equation ([I):

vy = || [N - z_:t(s)ss —p]

s=1

+ V](\})

r—1
s—1/9k
+ Z [t(s)s (2 - 1)65} + 61/1(\?)
s=k
r—1/0k
+qr" (2" = e, + £,®

+ 1/](\4,1) + €p.

After dividing both sides by N and rearranging terms we obtain

No_n=2 vy 1]
N N | p

+ N Zt(s)ss_ es+aqr’ ey

s=k

L1
N

k—1
I/](\}) — ’I‘ Z t(s)ss + EVJ(\?) + 811](\?) + &
s=1

Taking limits on both sides as N — oo, the third term on the right-hand side
approaches 0 since the contents of the brackets are dependent on k£ and bounded
as a function of N. For the second term, using the fact that ¢ is nondecreasing
together with Proposition [4] we can see that

r—1 r—1
s—1 —1
s;kt(S)S €s < t(r—1) Sgl 5% 2 — 1)) B
N T tr—=1D)(r—-0r-D T (r-D-D 1
and
q,rr—lgr - qrr—l _ 1
N - qr r

Since r is an unbounded, nondecreasing function of NN, this term approaches 0 as
well.
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4
Finally, consider the first term on the right-hand side. Since both % and |I| are
L@
values between 0 and 1, then <% —|I |) in [—1,1]. Moreover, using the identity
(.’L’ + 1)(1—1—1) 1 x
=re N1+ =
— (x+1) 1+ .

with £ = r — 1, and using that p < r” , we can see that for large values of r,

p _ r" T 1+ 1 rt < r

- f— [ —e

N ~tir=1)(r -0 ¢(r—1) r—1 “t(r—1)"
which by hypothesis also approaches 0 as N — oo. Hence,

lim — = |I|.
Since k and I were chosen arbitrarily, the sequence L is completely uniformly dis-
tributed and the proof of Theorem[1]is complete. O
3.2. Alternative Pfoof of Theorem/[1] Weyl’s criterion for the multidimensional
case states that if X = 7y,T2,... is a sequence of k-dimensional vectors of real
numbers, then X is uniformly distributed in the unit cube if and only if for all
nonzero k-dimensional vectors of integers ¢ = (I1,...,1),

lim _2 : 27il-Zp, —
N—oo N

where ¢ - T, denotes the dot product of £ and Z,,; see [15]. Before applying Weyl’s
criterion to the sequence L), we first prove the following lemma based on a well-
known fact about the roots of unity.

Lemma 6. Given a positive integer k and a nonzero k-dimensional vector of in-

tegers £ = (Iy,...,1), let n be in N such that n > max (k,min (|ly],...,|lx])) and
consider the sequence C™ as a cyclic sequence. If we let cj = (CJ(n), ceey C]('i)k—l)

forj=1,...,n", then
(6) ZGQTW:Z'E]' =0
j=1

Proof. If we view F("") as a cyclic sequence and let

fi=(FMM L FTY )

for j =1,...,n", then from the definition of a C-sequence it follows that ¢; = % f]
Then, if we define I' = {0,1,...,n — 1}, every 4 in I'* appears exactly n"~* times
as a contiguous subsequence of F(™™) . This is true because there are n”~* ways of
extending an n-ary sequence of length k£ to one of length n and, by construction,
each of these appears exactly once in F(™™ when viewed as a cycle. Substituting
into the left-hand side of equation (6,

n n

i e27m€ fg _ Z e
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271 m

Since £ -7 in Z and the function exp : Z — C, exp(m) = e » ™ is periodic with a
period equal to n, then

n—1
QWiE.f 27mi
E e n v = E e n T,
yerk r=0 yer*
l-~r=r

where the congruence £ -4 = r is taken modulo n. The conditions for the existence
of solutions to equations of the form

(-4 =r (mod n) where ¥ € I'*

are well understood (see [18] page 114]). In particular, this equation only has
solutions when g = ged(ly, ..., Ik, n) divides r and, in such a case, the total number
of solutions is equal to gn*~!. Therefore,

n—1 n—1
27 _ 271
E enTZE:gnklenr
r=0 ,S,el"k r=0
Ly=r glr

where the last step comes from substituting r = gr’. If we also substitute n = gn’
and observe that VT_lJ =n'—1, then

L%J n'—1

270 g/ 27 ./
E @ngr e @n’r.
r'=0

r'=0

The term on the right-hand side is the sum of all the roots of unity of order n'.
It is a well-known fact that this sum is equal to 0 whenever n’ > 1. Finally, since
n > min(|l],...,|lk]) > g, then n’ =n/g > 1, and the proof is complete. O

Alternative Proof of Theorem 1. Let k be a positive integer, and let ¢ =
(I1,...,l;) be a nonzero k-dimensional vector of integers. Let N range freely over
the natural numbers. As in Section [3.1] we consider a prefix of the sequence L of
length N, denoted Li.y, and we consider the values p, ¢, and r as functions of .
Let Ww; = (Li;~'~7Li+k—1> for ¢ = 172,....

Analogously to the first proof of Theorem [1| we define the complex value vy as
the Weyl sum over the first N windows of size k of L:

N —
Un = Z eZ'frzf-wj )
j=1
Let m = max (k, min (|{1], ..., |lx])) and consider sufficiently large values of N such

that m < r. As before, this is always possible since r is an unbounded, nondecreas-
ing function of N. We can decompose L;.y into four consecutive sections; namely,
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sequences SV, §(2) §G) and S®:
Li.n= <S(1);S(2); S®), 5(4)> , where
s — <D<1>;D<2>; o ;D<m—1>>,

g2 — <D<’”>; pm+D). _;D<r71>>7

SB) = <C(r); . .;C(r)> ,
—_————

q times
s
(1 () (3) (4) : : :
and define vy,’, vy, vy, and vy’ as the Weyl sums over windows entirely contained

within each respective section such that
VN = VI(\:,[) + I/](\?) + VI(\?) + 1/](\4,1) + &y

for some complex number &, with |e;| < 3(k — 1), which accounts for all windows
crossing over any border.

Following the same reasoning as in Section[3.1] the values of VJ(\?) and 1/](\‘;’) can be
computed as the Weyl sums over the C-sequences composing S? and S®) viewed
as cycles, plus two error terms accounting for right borders. However, in this case,
due to Lemma[6] and the fact that all C' sequences in S and S®) have orders

greater than m, these sums vanish to zero. Therefore,

VN = 1/](\}) + gyj(\?) + 81/1(\?) —+ yj(\;l) + &

for some complex values € (2),¢e sy with |e )|, |e )| < k—1. We now consider the
VN VN VN VN
limit of v /N as N — oo. Observe that

i1l L@
NS w IV rep temralt 5|

1 P

< N Hl/](\})’ + |€VI<V2>| + |€V1<5»>| + |5b|] + N
1 b
< [[pR]+ k=D + -1 43— 1] + 2

The numerator in the first term is dependent on k£ and m, and constant as a function
of N. As shown before, the second term approaches 0 as r — oo. Therefore, the
sum of both terms approaches 0 as N — oo, which in turn implies that vy /N
vanishes as well.

Given that k and ¢ were chosen arbitrarily, Weyl’s criterion is satisfied for all
values of k£ and the sequence L is completely uniformly distributed. O
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