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Abstract
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1. Introduction

All graphs in this work are undirected, without multiple edges and with-
out loops. Let G be a graph, with vertex set V(G) and edge set E(G).
Denote by G or co-G the complement of G. Let X C V(G). The subgraph
induced by X in G is denoted by G[X]. We define G — X to be G[V(G) \ X].

An isolated vertex is a vertex with no neighbors, a pendant vertex is a ver-
tex with exactly one neighbor, and a universal vertex is a vertex adjacent to
every other vertex of the graph. The neighborhood of the vertex v is denoted
by Ng(v). Two vertices v, w are false twins in G if they are nonadjacent and
Ng(v) = Ng(w), while they are true twins in G if they are false twins in G.
If H is a subgraph of G, we define Ny(v) = Ng(v) NV (H).

Let A, B C V(G). We say that A is complete to B if every vertex of A is
adjacent to every vertex of B; and A is anticomplete to B if A is complete
to Bin G. If S is any set, we denote the cardinality of S by |S].

A class of graphs G is hereditary if every induced subgraph of every mem-
ber of G belongs to G. Given two graphs G and H, the graph G is H-free
if G contains no induced H. If H is a collection of graphs, G is said to be
H-free if G is H-free for each H € H.

The set X C V(G) is a complete set (resp. stable set) of G if the elements
of X are pairwise adjacent (resp. nonadjacent). A clique of G is a complete
set that is maximal under inclusion.

A chord of a cycle (resp. path) is an edge joining two nonconsecutive
vertices of the cycle (resp. path). We denote the chordless path on n vertices
by P,, the chordless cycle on n vertices by C,,, and the complete graph on n
vertices by K,. Kj is called trivial and K3 is called the triangle. A star is
the complete bipartite graph K, for some n. For any graph G, we denote
by Gt the graph that arises from G by adding a universal vertex, and by G*
the graph that arises from GG by adding an isolated vertex.

Some small graphs to be referred in the sequel are depicted in Figure 1.

A graph G is a circle graph if it is the intersection graph of a family
L = {C,}vev(c) of chords of a circle (i.e., for each v,w € V(G), vw € E(G)
if and only if v # w and C,NC,, # 0). L is called a circle model of G. Circle
graphs were introduced by Even and Itai in [12] to solve a problem of queues
and stacks posed by Knuth in [21].
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Figure 1: Some small graphs

Naji [25] characterized circle graphs in terms of the solvability of a system
of linear equations, yielding a polynomial-time recognition algorithm for this
class. Different polynomial-time recognition algorithms for circle graphs,
strongly based on the notion of split decomposition, were presented in the
literature. The best one has a quadratic time complexity and is due to
Spinrad [28].

The local complement of a graph G with respect to a vertex u € V(G)
is the graph G * u that arises from G by replacing the induced subgraph
G[N¢(u)] by its complement. Two graphs G and H are locally equivalent if
and only if GG arises from H by a finite sequence of local complementations.

Theorem 1. [4] The class of circle graphs is closed by local complementa-
tions.

Moreover, Bouchet gave the following characterization of circle graphs in
terms of forbidden induced subgraphs and local equivalence.

Theorem 2. [4] Let G be a graph. Then, G is a circle graph if and only if no
graph locally equivalent to G contains Wy, Wr, or BW3 as induced subgraph
(see Figure 2).

In [8] a superclass of circle graphs (denoted as Bouchet graphs) is defined.
A graph G is Bouchet if and only if no induced subgraph of G is locally
equivalent to Wy, Wy, or BWj5. The list of 33 minimal forbidden induced
subgraphs for this class is obtained using a computer, closing under local
complementation the graphs W5, W7 and BWj3. Clearly, the graphs of this
family are also minimal forbidden subgraphs for circle graphs. But this list
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Figure 2: Graphs W5, W7 and BWj3

is not enough to characterize circle graphs completely. In the same work it
is shown that circle graphs are a proper subclass of Bouchet graphs.

Recently, Geelen and Oum [14] gave a new characterization of circle
graphs in terms of pivoting. The result of pivoting a graph G with respect
to an edge wv is the graph G X uv = G * u * v x u (where x stands for local
complementation). A graph G’ is pivot-equivalent to G if G’ arises from G by
a sequence of pivoting operations. They proved, with the aid of a computer,
that G is a circle graph if and only if each graph that is pivot-equivalent to
G contains none of 15 prescribed induced subgraphs.

In spite of the mentioned works, there are not known characterizations
of circle graphs only by forbidden induced subgraphs, i.e. not involving ad-
ditionally the notions of local equivalence or pivoting operations. In this
paper, we present some results in this direction, providing forbidden induced
subgraphs characterizations of circle graphs within different graph classes
(a similar approach in order to find partial characterizations of circular-arc
graphs by minimal forbidden induced subgraphs was developed by us in [2]).
In Section 2 we present the main result of this paper, namely, we characterize
circle graphs within linear domino graphs, in a constructive way. In Section 3,
the same task is done within two superclasses of cographs (namely, Py-tidy
graphs and tree-cographs), by using the forbidden induced subgraphs charac-
terization of permutation graphs. Finally, in the last section, we completely
characterize by minimal forbidden induced subgraphs the class of unit Helly
circle graphs, which are those circle graphs having a model whose chords have
all the same length, are pairwise different, and satisfy the Helly property.

For definitions and notions not introduced in this section and used through-
out the paper, the reader is referred to [5].

2. Linear domino graphs

A graph G is domino if all its vertices belong to at most two cliques.
If, in addition, each of its edges belongs to at most one clique, then G is a
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linear domino graph. Linear domino graphs coincide with {claw,diamond }-
free graphs [20]. Linear domino graphs have also a nice property related with
clique coverings [22].

In this section we will characterize circle graphs by minimal forbidden
induced subgraphs within the class of linear domino graphs, using a con-
structive way.

Let G; and G4 be two graphs such that |[V(G;)| > 3, for each i = 1,2, and
assume that V(G1) N V(G2) = 0. Let v; be a distinguished vertex of G;, for
each i = 1,2. The split composition of G; and G5 with respect to v and v is
the graph GGy whose vertex set is V(G xGs) = (V(G1)UV (G2)) \ {v1, v2}
and whose edge set is E(Gy * Gg) = E(Gy — {v1}) U E(Gy — {vo}) U {uwv :
u € Ng,(v1) and v € Ng,(v2)}. The vertices v, and vy are called the marker
vertices. We say that G has a split decomposition if there exist two graphs
Gy and Go with |V(G;)| > 3, i = 1,2, such that G = G} * G2 with respect
to some pair of marker vertices. If so, Gy and G; are called the factors of
the split decomposition. Notice that G; and G, are induced subgraphs of
G. Those graphs that do not have a split decomposition are called prime
graphs. Notice that if any of the factors of a split decomposition admits a
split decomposition we can continue the process until every factor is prime,
a star or a complete graph. The resulting decomposition into prime graphs,
stars and complete graphs might not be unique. Nevertheless, in [7] it is
proved that if the number of factors is minimum then the decomposition is
unique (up to reordering of the factors). Bouchet proved that circle graphs
are closed under split composition.

Theorem 3. (3] Let G be a graph that has a split decomposition G = G1*Gs.
Then, G is a circle graph if and only if both G1 and Gy are circle graphs.

The operation of edge subdivision in a graph G consists on selecting an
edge uv of G and replacing it with the path uzv, where 2z is a new vertex.
As a consequence of Theorem 1, we can prove the following result.

Theorem 4. Let G be a graph. If G is not a circle graph, then any graph
H that arises from G by edge subdivisions is not a circle graph.

Proof. Suppose that H arises from G by edge subdivisions. So, H is be
obtained from G by replacing some edges of G by paths of length at least
two. It is easy to see that if local complementation is applied successively



on each internal vertex of these paths, traversing one path at a time (in
any of the two possible directions each), the graph H’ that arises from these
operations contains an induced GG. Since G is not a circle graph and the class
is hereditary, H' is not a circle graph. Hence, by Theorem 1, H is not a circle
graph.l]

A prism is a graph that consists of two disjoint triangles {ai, as, as} and
{b1, b2, b3} linked by three vertex disjoint paths P;, P,, P; where P; links a;
and b; for + = 1,2, 3, and such that all the internal vertices of P, P, and Pj
have degree 2. The graph Cy is a prism where P;, P, and P; have just one
edge each. This graph is locally equivalent to W, so by Theorem 2, Cj is not
a circle graph. Besides, since every prism arises from Cy by edge subdivision,
Theorem 4 implies that prisms are not circle graphs.

The following theorem characterizes those linear domino graphs that are
circle graphs.

Theorem 5. Let G be a linear domino graph. Then, G is a circle graph if
and only if G contains no induced prisms.

Proof. The “only if” part follows immediately from Theorem 4 and the fact
that the class of circle graphs is hereditary. Suppose now that G is a linear
domino graph not containing induced prisms. We shall prove that G is a
circle graph. Consider the factors of a split decomposition of GG into prime
graphs, stars and complete graphs. It is easy to see that stars and complete
graphs are circle graphs. Therefore, by Theorem 3, we may suppose that
G is a prime graph. Since a graph is a circle graph if and only if each of
its connected components is a circle graph, we can assume also that G is
connected. Since trees are circle graphs, we can suppose that G contains at
least one chordless cycle. Consider a chordless cycle of G of maximum length,
say C' = v10g ... 0,01, and let X C V(G) be the set of all the vertices having
at least one neighbor in C'. We will prove that actually V(C) U X = V(G)
and that G is a circle graph. We will split the proof into three cases: n = 3,
n =4 or 5, and n > 6. (From now on, all the operations between indexes
should be understood modulo n.)

Case 1: n = 3. In this case we will prove that G is isomorphic to C.
Suppose by the way of contradiction that G is not isomorphic to C' and thus,
since G is connected, X # ). If v is a vertex in X, it necessarily has either
one or three neighbors on C', otherwise G would contain an induced diamond.
Besides, if v,w € X with [N¢(v)| =1 (say Ne(v) = {v1}) and |No(w)| = 3,
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then they are not adjacent. Because, if they were adjacent, then v, w, vy, vy
would induce a diamond in G. On one hand, if v,w € X and |N¢g(v)| =
|Nc(w)| = 1, then they are adjacent if and only if No(v) = No(w). Indeed,
if Ne(v) = Ne(w) = {v;} and v and w were not adjacent, then the vertices
v, w, v;, vip1 would induce a claw, a contradiction. Conversely, if No(v) =
{vi}, No(w) = {vis1} and vw € E(G), the set of vertices {v,w,v;, v;i11}
would induce a Cy4. This is a contradiction, because we are assuming that
C' is a chordless cycle of maximum length. On the other hand, if v,w € X
and |N¢(v)| = |No(w)| = 3, then v and w are adjacent because otherwise
v, w, v1, vy would induce a diamond. As a consequence of these observations,
it follows that X = Q1 U Q2 U Q3 UQ where 1, Q2, Q3, Q) are complete sets,
Q; is complete to v; and anticomplete to V(C') \ {v;} for every i = 1,2,3,
@ is complete to V(C), and @1, Q2, @3, Q) are pairwise anticomplete. We
will prove that @1, Q2, @3, Q (when they are non-empty) belong to different
connected components of G — V(C) because of the maximality of C. By
the way of contradiction, let P be a path in G — V(C') of minimum length
joining two vertices of X that belong to different sets of the partition X =
Q1UQ2UQsUQ. By construction, P has length at least 2 and has no internal
vertex in V(C') U X. By symmetry, we just have to consider two cases: the
extremes of P are either w; € @; and w; € Q; with ¢ # j, or w; € Q;
and w € Q. In the former case, V(P) U {v;,v;} would induce a chordless
cycle of length at least five. In the latter case, V(P) U {v;} would induce a
chordless cycle of length at least four. Both contradictions prove that indeed
Q1,Q2, Q3,Q (if non-empty) belong to different connected components of
G — V(C) that will be denote by R, Rs, R3, R, respectively. Since G is a
prime graph, @Q; = () for all ¢ = 1,2,3. Otherwise, V(R;) U {v;,v;11} and
V(G) \ V(R;) form a split decomposition of G, with v;41 and v; as marker
vertices, respectively. For a similar reason, @ = (). Thus, V(G) = {vy, ve, v3}
and G is clearly a circle graph.

Case 2: n =4 or 5. Since G is a linear domino graph, |N¢(v)| = 2 for
every vertex v belonging to X and the two neighbors are consecutive in C'. We
will prove that if v,w € X, then vw € F(G) if and only if No(v) = Ne(w).
Suppose that Ne(v) # Ne(w). On one hand, if Neo(v) N Ne(w) = {z}
and vw € E(G), then G[{v,w,y,z}] would be isomorphic to a diamond
for each y € (N¢(v) U Ne(w)) \ {2z}, contradiction. On the other hand,
if No(v) N Ne(w) = 0 and vw € E(G), then C'U {v,w} would induce a
prism in G, another contradiction. So, if N¢(v) # Neo(w), then v and w are
nonadjacent. Finally, if No(v) = No(w) = {y, 2}, then v and w are adjacent,
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otherwise {v,w,y, z} would induce a diamond, a contradiction. Hence X =
Q1 U---UQ,, where each @); is a complete set and N¢(x) = {v;,v;41} for
every x € ;. We will prove that the non-empty @Q;’s belong to a different
connected component of G — V(C). By the way of contradiction, consider
path P in G — V(C) of minimum length joining two vertices w; € @Q; and
w; € Q; with 7 # j. By symmetry, we just have to consider two cases:
J=14+1and j =i+2. By construction, P has at least two edges and has no
internal vertex in V(C)UX. In the first case, V(P)U(V(C)\ {viy1}) induces
a cycle of length strictly greater than n. In the second case, V(P) U V(C)
induces a prism whose triangles are {w;, v;, v;11} and {w; 2, Vi12, vi13}. Both
contradictions prove that indeed each non-empty (); belongs to a different
connected component R; of G —V(C'). Since G is prime, it follows that if Q);
is non-empty then |V (R;)| = 1. Otherwise, let w; € Q;. Then, V(R;) U {v;}
and (V(G)\ V(R;)) U{w;} would be a split decomposition of G, with v; and
w; as marker vertices, respectively.

So, G consists of C' and a (possibly empty) stable set X with at most one
vertex w; for each 1 = 1,...,n, whose only neighbors in G are v; and v;,1.
It is easy to build a circle model for G.

Case 3: n > 6. First, notice that, since G is a linear domino graph,
every vertex v € X satisfies either No(v) = {v;,vi41} or No(v) = {v;, vig1,
Vitks Vitks1y wWith 3 < k < n — 3. We will call the first kind of vertices
2-vertices and the second kind of vertices 4-vertices. It can be easily proved,
as above, that if v and w are 2-vertices, then v and w are adjacent if and only
if No(v) = No(w). Let us see that if v € X is a 2-vertex and w € X is a 4-
vertex, then v is adjacent to w if and only if No(v) C Neo(w). Let No(w) =
{vi, Vit1, Visk, Visks1}. Suppose first that vw € E(G). Since w is not the
center of a claw, v should be adjacent to at least one vertex of each pair of
nonadjacent neighbors of w. Besides, since N¢(v) consists of two consecutive
vertices of C, they should be either {v;,v;11} or {viig, Vizrr1}. Conversely,
suppose that No(v) € Ne(w). Again, since N (v) consists of two consecutive
vertices of C', then N¢(v) should be either {v;, v;11} or {v;i 1, viiry1}. Since
G is diamond-free, v and w must be adjacent.

Let v and w be two 4-vertices. We assert that | No(v) N Ne(w)| € {0,1,2}
and that vw € F(G) if and only if Neo(v) N Ne(w) consists of two consecutive
vertices of C. If N¢(v) N No(w) contains two nonadjacent vertices x and y,
then v and w should be nonadjacent, otherwise {x,y, v, w} would induce a
diamond in G. On the other hand, if N¢(v) N Ne(w) contains two adjacent
vertices x and y, then v and w should be adjacent, otherwise {z,y,v, w}
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would induce a diamond in G. Therefore, v and w can share neither three
nor four neighbors, and the “if” of the second part of our assertion holds.
Conversely, suppose vw € FE(G). Since w is not the center of a claw, v should
be adjacent to at least one vertex of any pair of nonadjacent neighbors of w,
50 N¢(v)NNe(w) contains two adjacent vertices. If Ne(v)NNe(w) contained
two nonadjacent vertices x and y, then {z,y, v, w} would induce a diamond
in G, so N¢(v) N Ne(w) consists exactly of two consecutive vertices of C.

Therefore, X is a disjoint union of the sets of vertices Qq, -+ ,Q,, Q,
where the vertices in () are the 4-vertices and the vertices in Q; U --- U @,
are the 2-vertices such that Ng(z) = {v;, v;41} for each z € Q;. Each @Q; is a
complete set and anticomplete to @, if ¢ # j. Since two 4-vertices share at
most two neighbors in C'; in particular there are no two vertices in () with the
same neighbors in C. Therefore, the set ) is a subset of {¢;; : 1 <i < j <
n,i+3 < j <n-+i—3}, where Ne(q; ;) = {vi, vit1, 05,041}, ¢ is complete
to @Q; and Q; and anticomplete to @y for k # 4,5, and ¢;;jqry € E(G)
if and only if |{7,5} N {7, '}| = 1. Notice that no vertex ¢;; of @ has a
neighbor z not in C'U X, otherwise {g; ;, v;, vj, 2} would induce a claw in G,
a contradiction.

We will prove now that the non-empty @Q;’s belong to different connected
components of G — (V(C) U Q). By the way of contradiction, let P be a
path in G — (V(C) U Q) of minimum length joining two vertices w; € @); and
w; € @ with ¢ # j. By construction, P has length at least two and has
no internal vertices that belong to V(C') U X. On one hand, if |[N¢(w;) N
Ne(wj)| = 1, then G would contain a chordless cycle of length greater than
n, a contradiction. On the other hand, if N¢(w;) N Ne(w;) = 0, then G would
contain an induced prism, also a contradiction. So, indeed each of the non-
empty @Q;’s belong to a different connected component R; of G — (V(C)UQ).
Since G is prime, it follows that if @); were non-empty then |V(R;)| = 1.
Otherwise, let w; € @;. Then V(R;)U{v;} and (V(G)\ V(R;)) U{w;} would
be a split decomposition of G, with v; and w; as marker vertices, respectively.

Consider now two nonadjacent 4-vertices v and w. Then, the edges of
C with either both endpoints in No(v) (say v-edges) or both endpoints in
Ne(w) (say w-edges) are exactly four. We will prove that traversing the edges
of C' in clockwise order, v-edges and w-edges do not alternate, otherwise GG
would contain an induced prism. Suppose by the way of contradiction that
the edges in clockwise order are ey, es, €3, e4 Where ey, e3 are v-edges and e,
e4 are w-edges. Either e; and es, or e and e3 are nonconsecutive in C, since
e1 and e3 are at least two edges apart in C'. Suppose without loss of generality
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that e; and ey are nonconsecutive in C. Let 2} and 24 be the endpoints of e;
in clockwise order. Then, by removing vertices 23 and 2} and the clockwise
path in C linking them from G[V(C) U {v,w}], a prism arises: the triangles
are {21, 23,v} and {w, 2%, 22}; w is linked with 2} via z3 and the path in C
joining 25 and 2] (they might be the same vertex); z4 and 27 are different
and linked by a path in C; 22 an v are linked via 23 and the path in C' joining
z2 and 23 (they might be the same vertex).

Next, we will build a circle model for G. Draw a circle C and mark on C,
in clockwise order, the following points: ¢, a1, fus, ---, fan-3, bn, dn, c1,
a2, f1,4, Sy fl,n—27 by, di, c2, as, f2,5, Sy f2,n—1, by, do, ..., Cpe1, Gn, fn—1,27
vy Ja—1n—4a, by_1, dy—1. Finally, draw the chords a;b; for « = 1,...,n, the
chord ¢;d; for each i in {1,...,n} such that @; is non-empty, and the chord
fi;jfji for each 4,7 in {1,...,n} such that ¢;; € Q.00

A theta is a graph arising from Ks3 by edge subdivision. Chudnovsky
and Kapadia [6] gave a polynomial-time algorithm that decides whether a
graph contains a theta or a prism as induced subgraphs. Since linear domino
graphs contain no induced theta, the characterization above and the existence
of polynomial-time algorithms for recognizing circle graphs imply alternative
polynomial-time algorithms to decide the existence of an induced theta or
prism restricted to linear domino graphs. Interestingly enough, the problem
of deciding whether a graph contains an induced prism is NP-complete in
general [23].

3. Superclasses of cographs

Cographs are the Py-free graphs. It is well-known that cographs are circle
graphs. Moreover, every nontrivial cograph is either disconnected or the join
of two smaller cographs. (This fact was discovered independently by several
authors since the 1970s; early references include [27].) We are interested in
the characterization of circle graphs within two superclasses of cographs: Pj-
tidy graphs and tree-cographs. To this end, we will use a forbidden induced
subgraph characterization of the class of permutation graphs.

A graph is said to be a comparability graph if its edges can be transitively
oriented. In [13], a characterization of comparability graphs by means of a
list of forbidden induced subgraphs is given. A graph G is a permutation
graph if and only if G and G are comparability graphs [26]. Therefore,
the characterization of comparability graphs in [13] leads immediately to a
forbidden induced subgraph characterization of permutation graphs.
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Theorem 6. [13] A graph is a comparability graph if and only if it does not
contain as an induced subgraph any graph in Figure 3 and its complement
does not contain as an induced subgraph any graph in Figure 4.

Corollary 7. A graph G is a permutation graph if and only if G and G do
not contain as an induced subgraph any graph in Figures 3 and Figure 4.
R

; z 2n+1§§§fii 2n }(
2n+1 E'L /

an+1,n22 An,n22 Al n>3 Alin > 2

Figure 3: Some minimal forbidden induced subgraphs for comparability graphs.

LSO

g T-L 1 2 3 n
Copn,n >3 ,n>2 D,,n>3 D,,n>3
/I\ % * . .
bipartite-claw Fy
F5 F9

Figure 4: Some graphs whose complements are minimal forbidden induced subgraphs for
comparability graphs.

Let G1 and G5 be two graphs and assume that V(G1) N V(Gy) = 0. The
disjoint union of G; and G is the graph G; U Go such that V(G U Gs) =
V(G1) UV (Gsy) and E(G1 U Gy) = E(Gy) U E(Gs). We denote by G; + G»
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the join graph of G and Gj, where V(G; + G2) = V(G;) U V(G,) and
E(G1+Gy) = E(G1)UE(Gy)U{uv:u e V(Gy) and v € V(G,y)}.
Permutation graphs are exactly those circle graphs that have a circle
model admitting an equator, i.e. an additional chord meeting all the chords
of the model [16, p. 252]. Equivalently, G* is a circle graph if and only if G
is a permutation graph. The following result is an immediate consequence.

Lemma 8. The join G = Gy + G4 is a circle graph if and only if both G,
and Gy are permutation graphs.

3.1. Py-tidy graphs

Let G be a graph and let A be a vertex set that induces a Py in G. A
vertex v of G is said a partner of A if GJAU{v}] contains at least two induced
Py’s. Finally, G is called Py-tidy if each vertex set A that induces a P, in G
has at most one partner [15].

The class of P;-tidy graphs is an extension of the class of cographs and it
contains many other graph classes defined by bounding the number of Pj’s
according to different criteria; e.g., P;-sparse graphs [17], P;-lite graphs [18],
and Pj-extendible graphs [19].

A spider [17] is a graph whose vertex set can be partitioned into three sets
S, C, and R, where S = {s1,..., s} (k> 2) is a stable set; C' = {c1,...,cx}
is a complete set; s; is adjacent to ¢; if and only if ¢ = j (a thin spider), or s;
is adjacent to ¢; if and only if ¢ # j (a thick spider); R is allowed to be empty
and if it is not, then all the vertices in R are adjacent to all the vertices in
C' and nonadjacent to all the vertices in S. The triple (S, C, R) is called the
spider partition. Clearly, the complement of a thin spider is a thick spider,
and vice versa. A fat spider is obtained from a spider by adding a true or
false twin of a vertex v € S U C. The following theorem characterizes the
structure of P;-tidy graphs.

Theorem 9. [15] Let G be a Py-tidy graph with at least two vertices. Then,
exactly one of the following conditions holds:

1. G is disconnected.
2. G is disconnected.
3. G is isomorphic to Ps, Ps, Cs, a spider, or a fat spider.
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Before giving the next characterization, we state the following lemma
whose proof is straightforward.

Lemma 10. Let G be a graph and let H be a graph obtained from G by
adding either a pendant vertex, or a true or false twin of a vertex. Then, H
is a circle graph if and only if G is a circle graph.

Bandelt and Mulder have shown in [1] that a graph is distance hereditary
if and only if it can be generated by the operations pendant vertex, true
twin and false twin from a single vertex. Consequently, Lemma 10 implies
that every distance-hereditary graph is a circle graph. This fact is already
mentioned in [5].

Theorem 11. Let G be a Py-tidy graph. Then, G is a circle graph if and only
if G contains no Ws, net™, tent™, or tent-with-center as induced subgraph.

Proof. Tt is easy to see that net™, tent™, and tent-with-center are not circle
graphs. Since the class of circle graphs is hereditary, a circle graph contains
no induced net™, tent™, or tent-with-center.

Conversely, let G be a P,-tidy graph that is not a circle graph. Then, G
contains some induced graph H that is minimally not circle; i.e., H is not a
circle graph but all proper induced subgraphs of H are circle graphs. Because
of the minimality, H is connected. Suppose first that H is disconnected; i.e.,
H = H, + H, for some graphs H; and H,. By Lemma 8, since H is not a
circle graph, Hy or H, is not a permutation graph. By Corollary 7, H; or H,
contains an induced Cf, net, or tent. Thus, H = H;+ H, contains an induced
Ws, net™, or tent™. By minimality, H = W5, net™, or tent™. Suppose, on the
contrary, that H is connected. By Theorem 9, since H is a Py-tidy graph,
either H is C5, P;, Ps, a spider, or a fat spider. Since H is not a circle graph,
H is different from Cs, Ps, and P;. Thus, H is a spider or a fat spider. By
Lemma 10 and the minimality, H has no true or false twins, so H is not
a fat spider. We conclude that H is a spider. Let (S,C, R) be the spider
partition of H. By Lemma 10 and the minimality, H is necessarily a thick
spider with |S|] > 3. Since tent is a circle graph, either |S| > 4 or R # (.
In both cases, H contains an induced tent-with-center and, by minimality,
H = tent-with-center.[]
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3.2. Tree cographs

Tree-cographs [29] are another generalization of cographs. They are de-
fined recursively as follows: trees are tree-cographs; the disjoint union of
tree-cographs is a tree-cograph; and the complement of a tree-cograph is
also a tree-cograph. It is immediate from the definition that, if G is a tree-
cograph, then G or G is disconnected, or G or G is a tree.

Theorem 12. Let G be a tree-cograph. Then, G is a circle graph if and only
if G contains no induced (bipartite-claw)™ and no induced co-(bipartite-claw).

Proof. It is easy to see that bipartite-claw® and co-(bipartite-claw) are not
circle graphs and thus a circle graph contains none of those graphs as induced
subgraph. Conversely, let G be a tree-cograph that is not a circle graph.
Therefore, there exists some connected component H of GG that is not a circle
graph. Notice that H cannot be a tree because trees are circle graphs. Since
H is a tree-cograph and H is connected, H is disconnected or H is a tree.
Suppose first that H is disconnected. Then, H = H; 4+ H, for some graphs
H, and H,. By Lemma 8, we can assume without loss of generality that
H, is not a permutation graph. Corollary 7 implies that H; would contain
an induced bipartite-claw, and so H = H; + H, would contain an induced
(bipartite-claw) ™. Finally, consider the case when H is a tree. Since H is not
a circle graph, in particular it is not a permutation graph. By Corollary 7,
H contains an induced co-(bipartite-claw).O]

4. Unit Helly circle graphs

A graph G is a wunit circle graph if it admits a circle model in which
all the chords have the same length. This class coincides with the class
of unit circular-arc graphs (i.e., the intersection graphs of a family of arcs
on a circle, all of the same length) [10]. Tucker gave a characterization by
minimal forbidden induced subgraphs for this class [30]. Recently, linear
and quadratic-time recognition algorithms for this class have been proposed
24, 11].

The concept of Helly circle graph is due to Durdn [10]. A graph belongs
to this class if it has a circle model whose chords are pairwise different and
satisfy the Helly property (i.e., every subset of pairwise intersecting chords
has a common point). In [10], it was conjectured that a circle graph is a Helly
circle graph if and only if it is diamond-free. This conjecture was recently
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settled affirmatively in [9], yielding a polynomial-time recognition algorithms
for Helly circle graphs.
In the theorem below we completely characterize unit Helly circle graphs.

Theorem 13. Let G be a graph. Then, the following assertions are equiva-
lent:

1. G is a unit Helly circle graph.
2. G contains no induced claw, paw, diamond, or C} for any n > 3.

3. G is a chordless cycle, a complete graph, or a disjoint union of chordless
paths.

Proof. Let us consider the case when G is triangle-free. Suppose first that 1
holds. Since G is a unit circle graph, G is a unit circular-arc graph. Thus, G
contains no induced claw or C? for any n > 4 [30]. This proves 1 = 2 (in the
case when G is triangle-free). Suppose now that 2 holds. If G has no cycles,
then each connected component of G is a claw-free tree, i.e., G is the disjoint
union of chordless paths. So, assume that G has some cycle. Since G is
triangle-free, the shortest cycle H of GG is a chordless cycle of length at least
4. Since G contains no induced claw, triangle, or C} for any n > 4, G = H.
We conclude that 2 = 3. Finally, it is easy to build unit Helly circle models
of chordless cycles and of disjoint unions of chordless paths. Consequently,
3 = 1 also holds.

Let us now consider the case when G is not triangle-free. Suppose that 1
holds and let £ = {L;}; be a unit Helly model of G on a circle C, where
n = |V(G)|. If two different chords L; and Ly on C have the same length,
then L; and L, are diameters of C or both of them are tangent to a circle
C’ concentric with C. Since G is not triangle-free, we can assume that L1,
Ly, and L3 are three pairwise intersecting chords and, since £ has the Helly
property, there is a point P € L1 N LyN Ly. We claim that Ly, Ly, and L3 are
diameters of C. Otherwise, Ly, Lo, and L3 would be three different tangents
to a circle C’ through P and this would lead to a contradiction, because it is
well-known that there are at most two different tangents to a circle passing
through a given point. Since all chords of £ have all the same length, then
L is a family of diameters of C and, therefore, GG is a complete graph. We
conclude that 1 < 3 because complete graphs are clearly unit Helly circle
graphs. Finally, given that G contains a triangle, it is straightforward that
G is a complete graph if and only if G contains no induced C%, paw, or
diamond. (Notice that C, paw, and diamond are all the four-vertex graphs
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that contain the triangle as induced subgraph and that are not complete
graphs.) We conclude that 2 < 3 also holds.OJ

5. Further research

In [9] it is proved that Helly circle graphs are the circle graphs with no
induced diamond. Consequently, Theorem 5 implies that, given a claw-free
graph GG, G is a Helly circle graph if and only if G does not contain any
induced prisms. We think the tools used throughout the proof of the theo-
rem might be either adapted or recycled in order to get Helly circle graphs
thoroughly characterized by means of a list of forbidden induced subgraphs,
without the assumption that the graph is a circle graph.

Acknowledgments
We would like to thank the anonymous referees for their careful reading
and suggestions that helped us to improve this work.

References

[1] H. Bandelt and H. Mulder. Distance-hereditary graphs. Journal of
Combinatorial Theory. Series B, 41(2):182-208, 1986.

[2] F. Bonomo, G. Durén, L. N. Grippo, and M. D. Safe. Partial character-
izations of circular-arc graphs. Journal of Graph Theory, 61(4):289-306,
2009.

[3] A. Bouchet. Reducing prime graphs and recognizing circle graphs. Com-
binatorica, 7(3):243-254, 1987.

[4] A. Bouchet. Circle graphs obstructions. Journal of Combinatorial The-
ory. Series B, 60(1):107-144, 1994.

[5] A.Brandstddt, V.B. Le, and J.P. Spinrad. Graph Classes: A Survey, vol-
ume 3 of SIAM Monographs on Discrete Mathematics. STAM, Philadel-
phia, 1999.

[6] M. Chudnovsky and R. Kapadia. Detecting a theta or a prism. SIAM
Journal on Discrete Mathematics, 22(3):1164-1186, 2008.

16



[7]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

W. H. Cunningham. Decomposition of directed graphs. SIAM Journal
on Algebraic and Discrete Methods, 3(2):214-228, 1982.

H. Czemerinski, G. Duran, and A. Gravano. Bouchet Graphs: A Gener-
alization of Circle Graphs. Congressus Numerantium, 155:95-108, 2002.

J. Daligault, D. Gongalves, and M. Rao. Diamond-free circle graphs are
Helly circle. Discrete Mathematics, 310(4):845-849, 2010.

G. Duran. Some new results on circle graphs. Matemdtica Contem-
poranea, 25:91-106, 2003.

G. Duran, A. Gravano, R. McConnell, J. Spinrad, and A. Tucker. Poly-
nomial time recognition of unit circular-arc graphs. Journal of Algo-
rithms, 58:67—78, 2006.

S. Even and A. Itai. Queues, stacks and graphs. In Z. Kohavi and
A. Paz, editors, Theory of Machines and Computations, pages 71-86.
Academic Press, New York, 1971.

T. Gallai.  Transitiv orientierbare Graphen.  Acta Mathematica
Academiae Scientiarum Hungaricae, 18(1-2):25-66, 1967.

J. Geelen and S. Oum. Circle graph obstructions under pivoting. Journal
of Graph Theory, 61(1):1-11, 2009.

V. Giakoumakis, F. Roussel, and H. Thuillier. On P,-tidy graphs. Dis-
crete Mathematics € Theoretical Computer Science, 1:17-41, 1997.

M. Golumbic. Algorithmic Graph Theory and Perfect Graphs, volume 57
of Annals of Discrete Mathematics. North—Holland, Amsterdam, second
edition, 2004.

C.T. Hoang. Perfect graphs. PhD thesis, School of Computer Science,
McGill University, Montreal, 1985.

B. Jamison and S. Olariu. A new class of brittle graphs. Studies in
Applied Mathematics, 81:89-92, 1989.

B. Jamison and S. Olariu. On a unique tree representation for P,-
extendible graphs. Discrete Applied Mathematics, 34:151-164, 1991.

17



[20]

[21]

[22]

[23]

[24]

[25]

[20]

[27]

28]

[29]

[30]

T. Kloks, D. Kratsch, and H. Miiller. Dominoes. Lecture Notes in
Computer Science, 903:106-120, 1995.

D. E. Knuth. The Art of Computer Programming, volume 1. Addison—
Wesley, Reading, MA, 1968.

Y.V. Krylou and A.J. Perez Tchernov. On the problem of domino recog-
nition. FElectronic Notes in Discrete Mathematics, 24:251-258, 2006.

B. Léveque, D. Lin, F. Maffray, and N. Trotignon. Detecting induced
subgraphs. FElectronic Notes in Discrete Mathematics, 29:207-211, 2007.

M. Lin and J. Szwarcfiter. Efficient construction of unit circular-arc
models. In Proceedings of the 17th Annual ACM-SIAM Symposium on
Discrete Algorithms, pages 309-315, Miami, Florida, 2006.

W. Naji. Reconnaissance des graphes de cordes. Discrete Mathematics,
54:329-337, 1985.

A. Pnueli, A. Lempel, and S. Even. Transitive orientation of graphs and

identification of permutation graphs. Canadian Journal of Mathematics,
23:160-175, 1971.

D. Seinsche. On a property of the class of n-colorable graphs. Journal
of Combinatorial Theory. Series B, 16(2):191-193, 1974.

J. Spinrad. Recognition of circle graphs. Journal of Algorithms,
16(2):264-282, 1994.

G. Tinhofer. Strong tree-cographs are Birkoff graphs. Discrete Applied
Mathematics, 22(3):275-288, 1989.

A. Tucker. Structure theorems for some circular-arc graphs. Discrete
Mathematics, 7:167-195, 1974.

18



